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Introduction

NUMERICAL grid generation has now become a fairly
common tool for use in the numerical solution of partial

differential equations on arbitrarily shaped regions. This is
especially true in computational fluid dynamics, from whence
came much of the impetus for the development of this
technique, but the procedures are equally applicable to all
physical problems that involve field solutions. This review,
and the other general discussions cited, are relevant to the
numerical solution of field problems at large, although most
of the specific applications noted are from computational
fluid dynamics.

Numerical grid generation is basically a procedure for the
orderly distribution of observers over a physical field in a way
that efficient communication among the observers is possible
and all physical phenomena on the entire continuous field
may be represented with sufficient accuracy by this finite
collection of observations. This technique frees the com-
putational simulation from restriction to certain boundary
shapes and allows general codes to be written in which the
boundary shape is specified simply by input. The boundaries
may also be in motion, either as specified externally or in
response to the developing physical solution. Similarly, the
observers may adjust their positions to follow gradients
developing in the evolving physical solution. In any case, the
numerically generated grid allows all computation to be done
on a fixed square grid in the computational field. (Com-
putational field refers to the space of the curvilinear coor-
dinates, i.e., where these coordinates serve as independent
variables, rather than the Cartesian coordinates. This field is
always rectangular by construction, as explained in Ref. 184.)

The area of numerical grid generation is relatively young in
widespread practice, although its roots in mathematics are
old. This area involves the engineer's feel for physical
behavior, the mathematician's understanding of functional
behavior, and a lot of imagination, with perhaps a little help
from Urania. The physics of the problem at hand must
ultimately direct the grid points to congregate so that a
functional relationship on these points can represent the
physical solution with sufficient accuracy. The mathematics
controls the points by sensing the gradients in the evolving
physical solution, evaluating the accuracy of the discrete
representation of that solution, communicating the needs of

the physics to the points, and, finally, providing mutual
communication among the points as they respond to the
physics.

The basic techniques involved then are 1) a means of
distributing points over the field in an orderly fashion, so that
neighbors may be easily identified and data can be stored and
handled efficiently; 2) a means of communication between
points, so that a smooth distribution is maintained as points
shift their positions; 3) a means of representing continuous
functions by discrete values on a collection of points with
sufficient accuracy, and a means for evaluation of the error in
this representation; and 4) a means for communicating the
need for a redistribution of points in the light of the error
evaluation, and a means of controlling this redistribution.

It should be borne in mind that the requirements, e.g.,
smoothness, orthogonality, etc., that must be met by the grid
are ultimately determined by the numerical algorithm to be
run on the grid. Thus, at the same time that effort is made to
generate better grids, a similar effort should be made to
develop hosted algorithms that are more tolerant of the grids.

Considerable progress has been made in the past decade,
especially in the last few years, toward the development of
these techniques and toward casting them in forms that can be
readily applied. A comprehensive survey of procedures and
applications through 1981 has been held,190 and two con-
ferences specifically on the area of numerical grid generation
have been held.167'186 Some expository papers are included in
the latter proceedings,186 which can serve as an introduction
to the area. Brief surveys of numerical grid generation in
computational fluid dynamics are included in Refs. 192, 116,
and 104.

The present review attempts primarily to make some
correlations among the various approaches that have been
taken, and thus to provide some more clearly defined avenues
for present application and future effort. Individual
references to papers cited in Ref. 190 are not made here as
points covered in that survey are noted. Some significant
advances and applications have been reported during the past
year, and these are reviewed here in relation to earlier work.
Particular attention is given to grid-induced error,
dynamically adaptive grids, and complicated configurations.
Standard notation for the metric coefficients is used. A
complete definition of the relations involved with general
curvilinear coordinate systems is given in Ref. 184.
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Some Basic Features
Throughout this review, and in the references cited, a

numerically generated grid is understood to be the organized
set of points formed by the intersections of the lines of a
boundary-conforming curvilinear coordinate system. The
cardinal feature of such a system if that some coordinate line
(surface in three dimensions) is coincident with each segment
of the boundary of the physical region. This allows boundary
conditions to be represented entirely along coordinate lines
without need of interpolation. The use of coordinate line
intersections to define the grid points provides an
organizational structure which allows all computation to be
done on a fixed square grid when the partial differential
equations of interest have been transformed so that the
curvilinear coordinates replace the Cartesian coordinates as
the independent variables.

The basic ideas of the generation of such grids, the
necessary transformation relations, and the procedures for
application in the numerical solution of partial differential
equations are assembled in an introductory fashion in Ref.
184. The various types of boundary-conforming coordinate
systems, and the different methods of numerical generation
thereof, are discussed in some detail in Ref. 190. Numerous
examples of applications to field problems are also cited in
this reference. The subject of numerical grid generation is still
too young for complete evaluation of the different ap-
proaches. However, some directions are emerging and some
relative evaluations are given in Ref. 190, as well as in the
present review. Different types of grids are more appropriate
to different physical problems and configurations, and also to
different modes of usage. The following excerpt from Ref. 48
sums up the general situation well:

To choose between the various types of
coordinates, we must first consider which con-
straints are needed for a given problem. The
fundamental constraint for a general region is its
boundary geometry. When the coordinates match
the boundary, the need for boundary in-
terpolation disappears and the grid is also aligned
with the desired solution near the boundary.
Without any further requirement in the two-
dimensional case, conformal systems are usually
the best. In addition to boundary geometry,
however, the pointwise distribution along the
boundary is often required as a further con-
straint. This distribution is a boundary coor-
dinate system or systems, which together with the
geometry forms a complete boundary
representation. When the representation is ar-
bitrarily prescribed, conformal transformations
are not applicable because of analytic con-
tinuation. As the next simplest case, orthogonal
coordinates are preferable. In two dimensions
they are generally applicable on both planes and
curved surfaces. In three-dimensional regions,
orthogonal systems are severely restricted and are
not generally applicable. The best that can be
done in the general context is to bound such
regions with orthogonal systems so that full
orthogonality can be specified at the boundaries.
Further boundary constraints can also be im-
posed with specified derivatives so that rates of
entry or exit from a region can be given. In any
dimension, the capability to create a smoothly
assembled composite mesh for topologically
complex configurations would be achieved. In
addition to the various boundary contraints,
significant advantages can be obtained under the
constraint that points, curves or surfaces be
clustered in some location within the region. The
purpose is usually to more fully resolve the

numerical solution of a given problem with a
fixed number of mesh points. Additional ad-
vantages can also be achieved with the constraint
that a certain desirable mesh structure be
smoothly embedded within the region.

Coordinate systems that are othogonal, or at least nearly
orthogonal, near the boundary make the application of
boundary conditions more straightforward. Although strict
orthogonality is not necessary, and conditions involving
normal derivatives can certainly be represented by difference
expressions that combine one-sided differences along the line
emerging from the boundary with central expressions along
the boundary, the accuracy deteriorates if the departure from
orthogonality is too large, as discussed more fully in a later
section. It may also be more desirable in some cases not to
involve adjacent boundary points strongly in the represen-
tation, e.g., on extrapolation boundaries. The im-
plementation of algebraic turbulence models is more reliable
with near-orthogonality at the boundary, since information
on local boundary normals is usually required in such models.
The formulation of boundary-layer-type equations is also
much more straightforward and unambiguous in such
systems. Similary, as noted for instance in Ref. 10, algorithms
based on the parabolic Navier-Stokes equations require that
coordinate lines approximate the flow streamlines and the
lines normal thereto, especially near solid boundaries. It is
thus better, in general, other considerations being equal, for
coordinate lines to be nearly normal to boundaries.

Configurations
Much effort is now being directed toward devising ap-

propriate configurations of the computational field for
complicated physical regions, expecially in three dimensions.
The introduction of branch cuts allows general physical
regions to be transformed to rectangular blocks in the
computational field. It is also possible to embed com-
putational subfields in the overall computational field
through cuts in the form of slits in the field. The use of branch
cuts involves continuous passage onto different Riemann
sheets, and some basic considerations in formulating dif-
ference representations across such cuts are given in Ref. 184.
Further discussion of branch cuts is given in Ref. 185 with
particular regard to the treatment of the control functions
used in elliptic generation systems.

Although in principle any region can be transformed into
an empty rectangular block through the use of branch cuts,
the resulting grid point distribution may not necessarily be
reasonable in the entire region. Furthermore, an unreasonable
amount of effort may be required to properly segment the
boundary surfaces and to devise an appropriate point
distribution thereon for such a transformation. Some con-
figurations are better treated with a computational field that
has slits or rectangular holes in it. Reference 76 gives a
procedure for conformally mapping a multibody con-
figuration to a group of rectangular blocks in the field. The
use of different configurations of the computational region is
covered in a basic manner in Ref. 184, and examples are given
in Ref. 190.

A code called INMESH, for the generation of two-
dimensional grids on different types of configurations in the
transformed region, including the use of slits and blocks,
from an elliptic generation system, is described in Ref. 34.
Another two-dimensional code, WESCOR,183 of the same
basic type, but which also includes control functions for
attraction of coordinate lines and/or points to other grid lines
or points, or to fixed lines or points, has also been written.

Configurations particularly appropriate for cascades are
discussed in Refs. 95, 96, and 42. The first two references
favor the slit type (called H-type there) while the last favors
the C-type. The C-type gives better treatment of the leading-
edge region since it wraps around the airfoil, but is very sparse
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and badly skewed far upstream, especially for highly
staggered and cambered blades. Concentration of coordinate
lines near the blade is also more efficient with the C-type. The
advantage of the H-type is its better treatment of the far
upstream region. Concentration near the blade is possible
with this type, but points are wasted upstream. There is also a
point on the leading edge which requires special treatment.
Further discussions of cascade configurations are given in
Ref. 190.

Patched Subregions
More complicated bodies, such as typical aircraft con-

figurations, are better treated by generating grids for con-
tiguous subregions which are then patched together to cover
the entire physical region. This approach is discussed in Ref.
153. Reference 110 also uses this approach, as does Ref. 151.
This latter reference discusses some automated procedures for
generating such grids. Further discussion also appears in Ref.
190. Reference 136 uses subregion grids for a case in which the
subregion interfaces are actually material boundaries. The
subregion approach has been used recently for cascade
configurations in Ref. 63.

Boundaries of such subregions that are not physical
boundaries require that the coordinate lines have sufficient
continuity across the boundary, or else one-sided difference
representations would have to be used thereon. The GRAPE
code of Ref. 172 generates a two-dimensional grid with
control of the intersection angle on the boundaries, using an
elliptic generation system. This is accomplished by iteratively
adjusting the control functions on the boundaries, with ex-
ponential interpolation of the control functions between the
boundaries. This approach can be used to generate subregion
grids with continuous coordinate line slopes across the
subregion boundaries. Further discussion and an application
to viscous compressible flow appear in Ref. 106. This ap-
proach has recently been used in Ref. 155 and a similar ap-
proach has recently been used in Ref. 161, for which ap-
plications to transonic potential flow are given in Ref. 162. In
Ref. 106 the subregion grids are made to overlap in order to
aid in the representation of boundary conditions on the in-
terfaces, but still with no interpolation. Here some restriction
on the time step is required when shocks intersect the
subregion interfaces.

Reference 107 also gives a procedure in which the in-
tersection angle at the boundary is controlled in an elliptic
generation system by iteratively adjusting one control func-
tion at the boundary, in this case using linear interpolation for
the control function in the field. No iterative spacing control
is incorporated, however. The approach of the GRAPE code
recently has been extended to three dimensions in Ref. 173. A
similar three-dimensional approach has also been given
recently in Ref. 58, but with the transformation taken from a
spherical coordinate system.

Control of the intersection angle on boundaries can also be
achieved by increasing the order of the elliptic generation
system so that additional boundary conditions are allowed. In
Ref. 166, the biharmonic equation, which is fourth order, is
used to generate subregion grids which can be joined with
continuous coordinate line slopes.

In Ref. 73, the segmentation approach is applied to
multiple-body configurations using conformal mapping.
There each subregion contains a single body and transforms
into an annulus. There are, however, sparse areas near the
subregion corners. Some improvement is gained by combining
this subregion approach with the string mapping (where all
bodies are connected in a string), noted below in the con-
formal section.

Subregion grids can also be joined with continuity of
coordinate lines and slope using algebraic grid generation
systems having sufficient degrees of freedom in the in-
terpolation, e.g., Hermite or spline interpolation. A grid
embedding procedure based on the multisurface method,

discussed later, is given in Refs. 49 and 50. Transfinite in-
terpolation, also discussed below, can also be used with
specified line slopes so that patching can be done with slope
continuity.

Reference 80 gives an Euler equation solution for transonic
flow using the subregion approach with slope continuity on
the interface. Here careful attention must be given to flux
balancing at the subregion interfaces, using transition
operators to change from central to one-sided differences.
Comparisons with single-region solutions show no
degradation in accuracy or convergence, even when shocks
propagate through the interfaces.

General three-dimensional regions can be built up using
subregions as follows: First, point distributions are specified
on the edges of a curved surface forming one boundary of a
subregion, and a two-dimensional coordinate system is
generated on the surface. When this has been done for all
surfaces bounding the subregion, the three-dimensional
system within the subregion is generated using the surface
grids as boundary conditions. This type of segmentation
approach is discussed in Refs. 180, 190, 153, and 185, with the
first reference giving considerable detail. This subregion
approach is probably the most effective available at present
for general three-dimensional configurations.

In using this approach with elliptic generation systems, the
control functions for the two-dimensional surface solution
can be determined by evaluating one-dimensional control
functions from the specified point distribution on the edges
and then interpolating over the surface. Similarly, the two-
dimensional control functions can be evaluated from the
resulting surface solutions and interpolated into the three-
dimensional field. This approach allows some degree of in-
direct control of intersection angle at interfaces, so that line
slopes can be made approximately continuous.

In Ref. 193 finer grids are embedded into an overall coarser
grid by simply adding points between lines of the coarse grid
in certain regions. Another approach to complicated con-
figurations is to overlay coordinate systems of different types,
or those generated for different subregions, as in Ref. 12.
Here an appropriate grid is generated to fit each individual
component of the configuration, such that each grid has
several lines of overlap with an adjacent grid. Interpolation is
then used in the region of overlap when solutions are done on
the composite grid, with iteration among the various grids.
Transonic potential solutions have been reproduced suc-
cessfully with different patterns of overlap. This approach has
the advantage of simplicity, in that the various subregion
grids are only required to overlap, not to fit. However, there
would appear to be problems if regions of strong gradients
fall on the overlap regions. Also, the interpolation may have
to be constructed differently for different configurations, so
that a general code may be hard to produce. More recent
applications of overlapping grids have been given in Refs. 175
and 15, and good results for Euler solutions for transonic
flow over multiple airfoils have been obtained. Simple
overlapping of grids was used also in Ref. 102.

In some configurations of the computational field, grid
points can occur which have more than the usual number of
coordinate lines intersecting at a point. Such singular points
generally require special treatment as noted in Ref. 184. Such
points were handled in Ref. 115 and also in Ref. 82 without
serious error, although some effects of skewness were seen. It
is generally easier to treat such points in finite volume for-
mulations or other integral conservation forms. In Ref. 106
the special points that occur where three subregion grids
intersect are treated by allowing the grids to overlap and then
interpolating as needed. The treatment of such specified
points has recently been discussed in Refs. 54 and 86.

In Ref. 34 such singularities can be placed inside cells,
rather that at grid points. #-spline mapping is used in Ref. 151
to model through singularities inside cells. In Ref. 139 the axis
singularity in a rotated axisymmetric system is located inside
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the cells. This necessitates use of an averaged value on the
axis, and this value was found to be in some error.

Order of Difference Expressions
Difference representations on curvilinear coordinate

systems are constructed by first transforming derivatives with
respect to Cartesian coordinates into expressions involving
derivatives with respect to the curvilinear coordinate and
derivatives of the Cartesian coordinates with respect to the
curvilinear (metric) coefficients. The derivatives with respect
to the curvilinear coordinates are then replaced with dif-
ference expressions on the uniform grid in the transformed
region.

The order of difference expression on curvilinear coor-
dinate systems has been considered in some detail in Ref. 188.
The order of a difference representation refers to the ex-
ponential rate of decrease of the truncation error with the
point spacing. On a uniform grid this concerns simply the
behavior of the error with a decrease in the point spacing.
With a nonuniform point distribution there is some ambiguity
in the interpretation of order in that the minimum spacing
may be decreased either by increasing the number of points in
the field or by changing the distribution of a fixed number of
points. Of course, both of these could be done
simultaneously, or the points could even be moved randomly,
but to be meaningful the order of a difference representation
must relate to the error behavior as the point spacing is
decreased according to some pattern. This is a moot point
with uniform spacing, but two senses of order on a
nonuniform grid emerge: the behavior of the error as 1) the
number of points in the field is increased while maintaining
the same relative point distribution over the field, or 2) the
point distribution over the field is changed so as to reduce the
minimum spacing with a fixed number of points in the field.
Other studies of error on curvilinear coordinate systems have
been reported in Refs. 83, 198, 112, and 113.

In Ref. 188 it is shown that all difference representations
maintain their order on a nonuniform grid with any
distribution of points, in the formal sense of the truncation
error decreasing as the number of points is increased while
maintaining the same relative point distribution over the field.
The critical point here is that the same relative point
distribution is maintained as the number of points in the field
is increased. If this is the case, then the error will be decreased
by a factor that is a power of the inverse of the number of
points in the field as this number is increased. However,
random additions of points will not maintain order. This
point has also been noted by Hoffman in Ref. 83. In a
practical vein this means that a solution made with twice the
number of points as another solution will exhibit one-fourth
of the error (for second-order representations in the trans-
formed plane) when the two solutions use the same relative
point distribution. However, if the number of points is
doubled without maintaining the same relative distribution,
the error reduction will not be as great as one-fourth.

From the standpoint of formal order in this sense, then,
there is no need for concern over the form of the point
distribution. However, formal order in this sense relates only
to the behavior of the truncation error as the number of points
is increased, and the coefficients in the series for the error may
become large as the parameters in the distribution are altered
to reduce the minimum spacing with a given number of points
in the field. Thus, although the error will be reduced by the
same order for all point distributions as the number of points
is increased, certain distributions will have smaller error than
others with a given number of points in the field, since the
coefficients in the series, while independent of the number of
points, are dependent on the distribution.

The nonuniform grid does introduce a diffusion-like
truncation error term which is proportional to the product of
the rate of change of the grid spacing and the second

derivative of the solution. Since this numerical diffusion may
be negative, this effect is potentially destabilizing. Therefore
the grid spacing should not be allowed to change too rapidly.

A sufficient condition for the maintainence of order on a
nonuniform grid when the minimum spacing is decreased,
while keeping the same total number of points, is that the q
derivative of x be proportional to the q power of x$. Where
this is the case, the order of the difference representation is
maintained with the nonuniform point distribution in the
sense that the truncation error is reduced by a factor equal to
a power of the spacing as the spacing is decreased with a fixed
number of points in the field. This, however, is a very severe
restriction that is not likely to be achieved in practice.

Several point distributions were examined in Refs. 188 and
198 in regard to truncation error, and the following con-
clusions were reached:

1) The exponential is not as good as the hyperbolic tangent
and therefore should not be used.

2) The hyperbolic sine is the best function in the lower part
of a boundary layer. Otherwise this function is not as good as
the hyperbolic tangent.

3) The error function and the hyperbolic tangent are the
best functions outside a boundary layer. Between these two,
the hyperbolic tangent is the better within'the boundary layer,
while the error function is the better outside.

4) The logarithm, sine, tangent, arctangent, inverse
hyperbolic tangent, quadratic, and also the inverse hyperbolic
sine are not suitable. The hyperbolic tangent distribution
functions of Ref. 198 have been used recently in Refs. 31, 40,
and 138.

It is also shown in Ref. 188 that the use of numerical
evaluation of the metric coefficients, rather than exact
analytical evaluation, eliminates a term from the truncation
error. Since this particular term is the most troublesome part
of the error, being dependent on the same derivative being
represented, it is clear that numerical evaluation of the metric
coefficients by the same difference representation used for the
function whose derivative is being represented is preferable to
exact analytical evaluation. It should be understood that there
is no incentive, per se, for accuracy in the metric coefficients,
since the object is simply to represent a discrete solution
accurately, not to represent the solution on some particular
coordinate system. The only reason for using any function at
all to define the point distribution is to ensure a smooth
distribution. There is no reason that the representations of the
coordinate derivatives have to be accurate representations of
the analytical derivatives of that particular distribution
function.

Finally, it is shown that reasonable departure from or-
thogonality is of little concern when the rate of change of grid
spacing is reasonable. Large departure from orthogonality
may be more of a problem at boundaries, where one-sided
difference expressions are needed. Therefore, grids should
probably be made as nearly orthogonal at the boundaries as is
practical.

Conservative Forms
When the partial differential equations to be solved on the

grid are differenced in conservative form, it is possible for the
metric coefficients to introduce spurious source terms into the
equations, as has been noted in several works cited in Ref. 190
and discussed also in Refs. 184, 174, and 81. This occurs
because in the conservative form the metric coefficients are
brought inside the difference operators, and if the dif-
ferencing of these coefficients does not result in exact
numerical satisfaction of the metric identities, then non-
vanishing terms will remain in the expressions of the gradient
of uniform physical quantities. These metric identities are
obtained from the differential equations when the dependent
variables are all uniform.

This effect is illustrated simply by consideration of the
following conservative and nonconservative forms of a first



NOVEMBER 1984 GRID GENERATION TECHNIQUES IN CFD 1509

derivative:

Jfx = (1)

If / is uniform, the nonconservative form clearly gives a
vanishing fx. However, this is not the case with the con-
servative form unless the differencing is such that
0%) $ = (y$) r, numerically. In particular, if the metric coef-
ficients are evaluated analytically, this identity will not be
satisfied numerically when these coefficients are differenced.
(This is true even in the simple case of cylindrical coor-
dinates.) This illustrates the important fact, also alluded to
above, that it is not how accurately the metric coefficients are
evaluated that is important, but how accurate are the overall
difference expressions.

This effect extends also to metric identities between space
and time differences when the grid is time-dependent. Here
the conservative difference form of the continuity equation
will reduce to a metric identity which involves the time
derivative of the Jacobian when the dependent variable is
uniform. If this identity is not satisfied exactly, this equation
becomes an evolution equation for the Jacobian. Thus, it may
be necessary to evaluate the Jacobian from this equation
rather than directly from the coordinate derivatives for use in
some places in the equation, while the direct evaluation is used
in others. Several relevant references are cited in'Ref. 190, one
of which has also appeared later as Ref. 81.

It is possible in many cases to achieve exact numerical
satisfaction of the metric identities through careful attention
to the differencing and the evolution of the metric coef-
ficients. As noted above, these coefficients should be ex-
pressed by differences, not analytically. The metric coef-
ficients should be evaluated directly from coordinate values
wherever they are needed. The metric coefficients should
never be averaged, since use of averaged values will almost
certainly result in lack of satisfaction of the metric identities.
Values of the coordinates at points between the grid points
that are needed to construct difference expressions that will
satisfy the metric identities can be obtained by averaging
between the grid points. Another alternative is to generate a
coordinate grid with twice as many points in each direction as
are to be used in the physical solution. In Ref. 157 this direct
evaluation of the metric coefficients at all points needed in the
difference expressions did, in fact, eliminate problems with
the metric identities. Further discussion of the construction of
different formulations so as to satisfy the metric identities has
been given recently in Refs. 105 and 54.

The exact satisfaction of the identities becomes more
difficult in three dimensions, and in schemes involving higher
order operators or unsymmetric difference expressions. When
exact satisfaction is not achieved, the effects of the spurious
source terms can be partially corrected, as discussed in Ref.
174, by subtracting off the product of the metric identities
with either a uniform solution or the local solution. The
former amounts to using a kind of perturbation form, while
the latter is, in effect, expansion of the product derivatives
involving the metric coefficients and retention of the sup-
posedly vanishing terms, thus putting the equations into a
weak conservation law form. Subtraction of the product with
the uniform freestream solution was used in Refs. 19, 162,
and 160 because of the difficulty in satisfying the metric
identities exactly with flux-vector splitting which involves
directional differences.
Error Evaluation and Reduction

A clear example of the need for a nonuniform grid in
regions of strong solution variation is provided in Ref. 39.
Here both grids are for the same boundary, having a corner
where an expansion occurs in compressible flow. One grid has
uniform spacing along the boundary, while the other is
clustered at the expansion corner. On the plot of boundary
pressure, the circles are experimental data for the boundary

used in the grid. The triangles, however, are for the same
boundary but with a rounded corner. Note that while the
results from the clustered grid agree well with the data of the
actual corner, those for the uniform grid are closer to the data
for the rounded corner. The uniform grid at the sharp corner
thus has the effect of artificially rounding the corner.

The derivation of expressions for the truncation error in
two and three dimensions is straightforward, following the
procedures described above, i.e., 1) expression of the Car-
tesian derivative in terms of the curvilinear derivatives, 2)
derivation of the truncation error of the difference ex-
pression for the curvilinear derivatives by Taylor series on the
uniform computational grid with unit spacing, 3) trans-
formation of all the curvilinear derivatives, and 4) sub-
stitution into the expression for the Cartesian derivative being
represented. These derivations can be quite tedious, and the
use of symbolic manipulation codes such as MACSYMA,
noted in Ref. 150, may lead to more efficient and error-free
derivatives in general.

The criteria for point distribution functions that will allow
the order of difference representations to be retained on a
uniform grid discussed above are based on selecting
distribution functions for which the higher derivatives are
related to the first derivative (the spacing) such that all terms
of the truncation error vanish with the spacing. The only
dependence on the solution function in these criteria was the
limitation on the spacing imposed in Ref. 198.

Another approach is possible when some reasonable
estimate of the solution function is available, or in the
adaptive grid systems discussed later. If the grid points are
located such that the solution changes by the same amount
between each pair of points, then the second and higher
derivatives of the solution function with respect to the cur-
vilinear coordinate will all vanish, and, consequently, the
difference expression will have truncation error due only to
that involved in the evaluation of the metric coefficients.
(Note that this is a situation in which analytical metric
evaluation would yield higher overall accuracy than numerical
evaluation.) This, however, is somewhat of an idealistic
approach, since it presupposes knowledge of the solution
function and, further, would be difficult to achieve in higher
dimensions. It does though, give some guidance as to the
placement of the points. The type of distribution that this
approach produces should still be examined in the light of the
above analysis of distribution functions in regard to order,
since, as pointed out in Ref. 198, if the distribution can be
inappropriate in this respect, the accuracy may be seriously
degraded when the numerical solution differs from that used
to design the distribution.

In boundary-layer applications it is reasonable to form such
a point distribution from a velocity profile across the layer,
placing the points such that the velocity profile across the
layer, placing the points such that the velocity changes by the
same amount between each pair. However, for turbulent
boundary layers, a composite function is usually necessary to
describe the profile, and such a function has been used in Ref.
21. This distribution, in fact, is used in a procedure in which
the next line of points is generated at each successive station
of a marching boundary-layer solution, based on the solution
at the present station. Another example of the use of a point
distribution function designed in regard to a boundary layer is
given in Ref. 78. The development of such functions is
discussed in more detail in Ref. 190.

Reference 98 gives some direction toward separating the
various influences of the grid on the truncation error as ex-
pressed in terms of the metric coefficients. However, for a
clear statement of the error to be obtained, the derivatives
with respect to the curvilinear coordinates should be expressed
in terms of the derivatives with respect to the Cartesian
coordinates, and the increments in the curvilinear coordinates
should be eliminated, as noted above.
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Further comments on the influence of the grid qualities on
the accuracy of numerical solutions done thereon are given in
Ref. 174, where it is noted that the use of compact dif-
ferencing seems to reduce the deleterious effects of the rate of
change of the grid spacing.

Grid Generation Systems
Grid generation systems are procedures for generating the

curvilinear coordinate system which defines the grid.
Reference 184 discusses the general ideas involved, and the
various approaches are surveyed in Ref. 190. These systems
fall into two basic classes: algebraic systems, in which the
coordinates are determined by interpolation, and partial
differential equation systems, in which the coordinates are the
solution of these equations. All of the following subsections,
except the first, deal with procedures that are of this latter
class.

Algebraic Systems
Algebraic grid generation is the fastest procedure in many

cases, and its use is surveyed in Refs. 168, 190, and 169.
Algebraic procedures also allow explicit control of the grid
point distribution. As has been discussed in Ref. 190, some
algebraic grid generation systems propagate boundary slope
discontinuities into the field, and there is no inherent
smoothing mechanism. Some problems in this regard were
experienced in Ref. 25. However, the use of local in-
terpolation in the multisurface method can prevent this
propagation of discontinuities into the field (cf., Ref. 50).

The algebraic approach is particularly attractive for use
with interactive graphics since grids can be produced quickly.
Such an interactive approach is discussed in Ref. 170. Here
curves are digitized with the cursor, fitted by smoothed cubic
splines, analyzed for quality, and revised until the metric
coefficients are satisfactorily bounded. The complete grid is
then generated by the ' 'two-boundary" form168 of transfinite
interpolation discussed below.

Algebraic grid generation is basically an interpolation
among boundaries and/or intermediate surfaces in the field.
Simple one-dimensional stretching involves only the use of
transformation functions and is often applied to a coordinate
system generated by other means, as noted elsewhere in this
review. Reference 190 cites a number of such applications.
Recent examples of simple stretching along straight lines are
given in Refs. 197, 24, 203, 40, 111, and 132. Another simple
application is the normalization of the separation between
two boundaries as has often been used (cf., Refs. 124, 149,
and 191) for recent applications.

In the more general case, transfinite interpolation
(discussed in some detail in Ref. 66) is among curves or
surfaces. Transfinite interpolation, originally developed for
computer-aided design of sculptured surfaces and solids,
involves interpolation among functions defined along curves
or surfaces, rather than among point values, and thus matches
the function at a nondenumerable number of points. [The
nondenumerable aspect of transfinite interpolation comes
from the possible infinity of points defining general boun-
daries as compared to a tensor product structure (i.e., product
of projectors) that uses only corner information and,
therefore, is finite.] In actual application, however, these
functions may be defined by discrete sets of values, i.e.,
piecewise linear functions. In higher dimensions this in-
terpolation can be stated as a sequence of univariate in-
terpolations, i.e., projections, which are put together as
Boolean sum projections. (The Boolean sum is the primary
mechanism for defining transfinite interpolation. The
multidirectional results are Boolean sums of unidirectional
interpolations.) The functions specify the values (and perhaps
some derivatives) of the variables on the curves or surfaces.
Values in the interior between these curves or surfaces are
determined by interpolation, using specified interpolation

functions usually called blending functions. The blending
functions are often polynomials, but other functions can be
used also. Transfinite interpolation is used to generate grids
joined to an analytically generated grid near a corner in Ref.
199. A recent application to two-dimensional airfoils appears
in Ref. 193.

The various interpolation methods differ primarily in
regard to how many and what curves or surfaces are used, and
what derivatives, if any, are specified on these surfaces, and
secondarily in regard to what type of blending functions are
used. Several approaches are discussed in Refs. 190, 168, and
66. The order of accuracy of the interpolation may be in-
creased either by adding more curves or surfaces, or by adding
more information, e.g., specification of higher derivatives on
the curves or surfaces. Transfinite interpolation is used in
Ref. 53 for three-dimensional grid generation, and Refs. 163
and 68 give recent applications.

Intermediate surfaces within the region may be necessary
with severely distorted regions for which interpolation only
between boundaries would result in unsatisfactory grids.
Reference 66 shows an example where the use of just an in-
termediate point in the field corrected a coordinate system
that had overlapped the boundary. The "two-boundary"
technique (used recently in Refs. 101 and 159) and the "outer
surface" method (both discussed in Ref. 168) are examples of
one-dimensional Hermite interpolation using only the op-
posing boundary surfaces. In Ref. 110 the overall grid con-
sists of subregions, in each of which the grid is generated by
boundary interpolation using certain discrete boundary
points, as is common in finite element analysis.

The multisurface method, discussed also in Refs. 168 and
190, is a related unidirectional interpolation procedure. This
procedure is constructed from an interpolation of a specified
vector field followed by vector normalizations at each in-
terpolation point in order to cause a desired telescopic
collapse so that the boundaries are matched. The specified
vector field is defined from piecewise linear curves determined
by the boundaries and successive intermediate control sur-
faces. Normals to such surfaces are special cases. Polynomial
interpolants for the vector field yield all of the classical
polynomial cases in physical space along with a rational
method for avoiding disasters such as direct Hermite in-
terpolation with excessively large or discontinuous deriva-
tives. Here the immediate surfaces are not coordinate sur-
faces, but are used only to define the normal vector field.
These vectors are taken to be tangents to the coordinate lines
intersecting the surfaces so that integration of this vector field
produces the position vector field for the grid points. In Ref.
49 the multisurface method is applied to generate embedded
grids, as discussed above, with continuity of coordinate line
slope, using local piecewise-linear interpolants. This approach
is extended in Ref. 50 to use higher order local interpolants to
allow for curvature continuity as well. This procedure con-
tains both linear and Hermite interpolation as special cases,
and, as noted in Refs. 47 and 48, it can be brought into the
transfinite context by means of Boolean sums.

A collection of subroutines which automatically perform
the necessary parts of grid construction using this multi-
surface procedure has been written and is described in Ref.
47. Some of the automation features of this collection are
applicable to other grid construction procedures as well.
These subroutines can rotate and move curves, project one
curve from another, normalize and reparameterize curves,
cluster points on a curve, and perform other such utilitarian
functions to aid in the setup of an overall configuration. The
multisurface method has recently been applied in Refs. 4, 31,
and 138 in transonic flow solutions.

In a manner similar to that referred to earlier for a stretch-
ing transformation of a grid generated by some other
means, stretching functions can be embedded in the blending
functions of the interpolation methods to allow control of the
point spacing in all of these grids generated by interpolation.
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Conformal Mapping
Innovations in conformal mapping continue to extend this

classical technique to more complicated configurations, and
surveys of the various techniques available are given in Refs.
88 and 190. Some specific recommendations of techniques
and tools are given in Ref. 88 and the advantages of con-
formal mapping are stated succinctly in Ref. 207. Conformal
systems have the advantage of introducing the fewest ad-
ditional terms in transformed partial differential equations.
Considerable understanding of the theory of functions of a
complex variable may be necessary for effective applications
though.207 In Ref. 129 several simple functions that will
generate symmetric duct-like configurations with deformed
walls have recently been given. No provision is made for
fitting an arbitrary duct, however. A duct was also treated in
Ref. 133.

Although the complex variable techniques by which con-
formal transformations are usually generated are inherently
two-dimensional, certain more general cases can be treated by
rotating or stacking two-dimensional systems, cf., Ref. 36.
Reference 88 gives an example of an axisymmetric system
produced by rotating a planar system about a central axis.
This procedure is used for cascades in Refs. 42, 95, and 96.
Systems can also be generated on curved surfaces, as has been
done by cartographers. Grids generated following Ref. 42
have been used recently in Ref. 126. Sequences of conformal
transformations and shearing transformations have been used
recently in Ref. 165 to generate stacked two-dimensional grids
for wing-tail-fuselage combinations. Such sequences have also
been used in Refs. 97, 91, and 178. In Ref. 91 the procedure is
constructed so as to allow easy addition of components.
Further examples of the use of conformal mapping in the
construction of three-dimensional configurations are given in
Refs. 89,70, 171.

The trend in treating more complicated regions is to break
the mapping up into a sequence of more simple mappings.
Contours such as airfoils are generally mapped to near-circles
by one or more simple transformations, and then the near-
circle is mapped to a circle by a series transformation, e.g.,
the Theodorsen procedure. It is necessary for convergence
that the near-circle be sufficiently near to being a circle.
Reference 5 notes that the efficiency of the Theodorsen
transformation is dependent on the closeness of the near-
circle to a circle, and a procedure is given for selecting the
parameters in this first transformation. A sequence of
transformations is used in Refs. 94, 120, and 90, the latter
usage being in a design procedure.

In Ref. 74, a series for the differential form is shown to be
superior to the usual Theodorsen form for general bodies.
This series appears in terms of arc length and surface angle,
rather than the polar coordinates of the Theodorsen form
which can lead to infinite derivatives and multiple values. The
ordering of the points can break down in the Theodorsen
form for closely spaced points also. The differential form is
applicable, however, as long as there are no corners, even for
twisted contours. In this and other series transformations, the
differential form is usually more tolerant of odd shapes. The
differential form has been used recently in Ref. 36.

Recent extensions of the Schwarz-Christoffel trans-
formation to curved contours have made this procedure a
powerful tool for treating complicated internal and other
configurations. These improvements, discussed in Refs. 190
and 88, also lead to smoother metric coefficients for bound-
aries with slope discontinuities than in older methods for the
Schwarz-Christoffel transformation, as noted in Ref. 10
where application is made to turbine passages. This procedure
was also used in Refs. 62 and 177. This procedure for the
Schwarz-Christoffel transformation also may be more ef-
ficient than other conformal procedures involving an in-
termediate mapping of a near-circle for mapping contours
and circles in some cases.88 Extensions to exterior free

streamline flows have been given recently in Ref. 79. A
slightly different approach to the Schwarz-Christoffel
transformation is given in Ref. 207. The Schwarz-Christoffel
transformation in a different form has also been used recently
in Ref. 22. Two successive Schwarz-Christoffel trans-
formations are used in Ref. 195 for straight-sided enclosures.

Multiple-body configurations can be treated by a sequence
of transformations which map each body to a circle in suc-
cession while maintaining previously established circles.
Another procedure, discussed in Ref. 73, involves iteratively
mapping each body to a circle with no special consideration of
the others. This process generally requires only a few
iterations to converge. A third approach, also discussed in
Ref. 73, involves connecting all of the bodies in a string and
mapping the resulting (effective) single body. This procedure
is the simplest, but will not give satisfactory grids for closely
spaced bodies in general. Different grids can be constructed
from the streamlines and potential lines for the multiple-body
configurations by assigning selected values of circulation at
each body, as in Ref. 73. This produces slit-type (H-type)
systems, which can have bad spacing near stagnation points of
the streamlines when circulation solutions about the bodies
are combined with a freestream. Without the freestream, O-
type grids are obtained with nonzero circulation about one
body and zero circulation about the others. Again there is
large spacing near the "stagnation'' points. These stagnation
points can be removed by alternating the sign of the cir-
culation from one body to the next and adjusting the
magnitudes so that the total circulation vanishes, but now
there is large spacing far from the bodies. This situation can
be improved, however, by adding an outer contour
surrounding all bodies. One final approach involves the
segmentation of the region into subregions and is discussed
elsewhere in this review. Also noted elsewhere is the approach
of Ref. 76 where the bodies are all mapped to rectangles.

Conformal mappings may also be constructed numerically,
and several approaches are noted in Ref. 190. An integral
method based on the formulation of Symm (cf., Ref. 190) has
been given recently in Ref. 85 for both interior and exterior
regions. Other recent numerical procedures are given in Refs.
17, 71 and 134. The use of the complex variable techniques
with a sequence of simple transformations, however,
generally has been preferred. It is sometimes more efficient to
generate the final grid by solving the Laplace system
numerically with Dirichlet boundary conditions from the
conformal transformations, especially if a fast Poisson solver
can be applied. One numerical approach that has had some
use is the construction of streamlines and potential lines of
potential flow by superposition of singularities. This ap-
proach is noted in Ref. 190 and also is used in Ref. 100 and in
Ref. 73 for multiple bodies. This approach generally results in
slit-type configurations unless a zero freestream is used with
circulation on the bodies, as in this latter reference.

Control of coordinate line spacing is a problem with
conformal systems, but, as noted elsewhere in this review, the
application of one-dimensional stretching transformations to
a conformal system will leave the system orthogonal,
although not conformal. An example appears in Ref. 62.
Even if more general stretching transformations are applied,
the system may not depart greatly from orthogonality.
Reference 42 makes extensive use of this approach, and other
examples are in Refs. 28, 30, 95, 119, and 38. Shearing
transformations are also often used in conjunction with
conformal transformations to map boundaries onto straight
lines, etc. The resulting system is no longer conformal, of
course. Recent examples appear in Refs. 165, 97, 91, 33, and
70. In Ref. 41 a sequence of Schwarz-Christoffel and shearing
transformations is applied to generate an O-type nearly or-
thogonal system for a two-dimensional airfoil in a wind
tunnel in which the upstream and downstream infinites map
to points.
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Elliptic Systems
Elliptic partial differential systems have certain advantages

as generation systems for coordinates, as discussed in Refs.
185 and 190. This first reference also discusses the properties,
solutions, and applications of such generation systems in an
introductory manner. The effects of the control functions
used in these systems to control coordinate line distributions
and orientations are also discussed, as is, in particular, the
treatment of these functions in the presence of branch cuts
onto different Riemann sheets.

Various different types of equations have been considered,
as discussed in Ref. 190, but the best general choice seems to
be those based on some consideration of differential
geometry, cf., Ref. 200. Linearization by replacement of
certain metric coefficients in these equations with specified
functions can be considered, as noted in Ref. 190, but this
approach is likely to lead to distorted grids with more general
shapes and configurations.

The most widely used elliptic generation system is that
based on the system of Poisson-like equations

i= 1,2,3 (2)

where the functions Pl serve to control the coordinate line
spacing. The transformed equations are, in vector form,

(3)

This system has been used in many works as noted in Ref. 190
and discussed also in Ref. 185. Recent uses are given in Refs.
142, 46, 13, 20, 196, and 130. In Refs. 20 and 196 the trans-
formation was from cylindrical, rather than Cartesian,
coordinates.

It is shown in Ref. 200 that if a coordinate system, £',
generated from the homogeneous equation, i.e., with P'=0,
is transformed to another system, £', then the new system is
the solution of Eq. (2) with the control functions

where
pk=gupk k= 1,2,3

pfr = Y* y1 _i_ _L —i_^
•* V Lj i-J Zti AtJ rltmi\tn

(4)

(5)

These results show that a coordinate system generated by
applying a stretching transformation to a system generated
from the homogeneous equations could have been generated
directly from the inhomogeneous equations with the proper
control functions. (In some cases it may be preferable, as
noted in Ref. 127, to generate the grid by applying stretching
to a preliminary grid generated from Laplace equations, since
the convergence of the equivalent elliptic system becomes
more difficult as the control functions become stronger. Grids
generated using this procedure have been used recently in
Refs. 72, 111, and 160.) Of particular interest is the structure
of the control functions for both static and dynamically
adaptive use. The form given by Eq. (4) is more general than
the form given in Ref. 185 in the inclusion of the terms in-
volving the off-diagonal metric coefficients as well as in the
control functions. These terms correspond to stretchings that
are not one-dimensional. For one-dimensional stretching,
£* =// (%k)> only P\i> P222> a ndPjs are nonvanishing, so that

pk — gkkpk
kk =/£//£ 2 ( no summation) (6)

This result is of particular importance in that it shows that the
more general form given by Eq. (4) for the control functions
therefore should be used, rather that that given in Ref. 185
[see Eq. (8) in that reference], with the P§ then considered to
be the control functions to be specified.

Several investigators have been led to the special case of this
form given in Ref. 185, as is noted in that reference and in

Ref. 190, because of the simplicity of its one-dimensional
form which allows one-dimensional control functions to be
determined by quadrature from a specified point distribution,
i.e., by integration of Eq. (6). References 164, 179, and 180 all
use this form. This form also results in control functions that
are smaller than those in Eq. (2) by several orders of
magnitude.

Equation (5) provides the precise form of these control
functions corresponding to application of multidimensional
stretching to a solution of the homogeneous equations, but
these functions are free to be constructed in any manner, e.g.,
as sums of exponentials as discussed in Refs. 185 and 164. In
this latter reference the decay factor of an exponential is
adjusted iteratively until a desired arc spacing along a
coordinate line is achieved.

Reference 172 discusses the GRAPE code which generates a
two-dimensional grid from an elliptic generation system by
iteratively adjusting the control functions until specified point
and intersection angle distributions are obtained on the
boundaries using the system of Eq. (2). This code has recently
been applied in Refs. 109 and 105. This approach has also
been used in three dimensions in Refs. 173, 161, and 58. In
Ref. 58 the transformation is from polar coordinates, rather
than Cartesian coordinates.

It is often advisable to determine the control functions in
the interior of a region by interpolation of values found by
applying limiting forms of the generation system of reduced
dimensionality on the boundaries of the region. Thus control
functions on a surface can be determined by interpolation
between the edges where the functions are evaluated by
substituting the specified boundary point distribution into a
one-dimensional form of the generation system (along a
curved line in general). A similar two-dimensional evaluation
using specified or generated points on a curved boundary
surface can provide boundary values of the control functions
for interpolation into the three-dimensional field. The
development of the limiting lower dimensional forms of the
generation system involves taking projections of the equations
along curved lines or surfaces, as is discussed in Ref. 180. This
approach is discussed also in Refs. 153 and 185 and is used in
Refs. 180 and 107 as well. As noted above, this approach can
be used to generate coordinate systems in subregions which
can be patched together to form a composite grid for general
three-dimensional regions.

It should be noted, as in Ref. 185, that boundary point
distributions alone are not sufficient to establish the same line
distribution in the field, even in simply connected regions. It is
necessary to include control functions evaluated from the
boundary point distributions in the manner discussed above,
or else the inherent smoothing of the Laplacian operator will
tend to produce equal spacing in the field regardless of the
point spacing on the boundary. This point was not made in
Ref. 205.

In Ref. 32, a second-order elliptic system is developed by
combining the orthogonality conditions, g,7 = 0, i^j, and a
specification of the Jacobian over the field, vg=f(x,y,z) -

A three-dimensional elliptic generation system that can
produce nearly conformal coordinate systems in some cases is
constructed in Ref. 27. This three-equation generation system
is constructed as a linear combination of the nine equations
obtained by writing the basic three-dimensional elliptic system
of Eq. (2) three times, in each case dropping the derivatives
with respect to one curvilinear coordinate. The off-diagonal
metric coefficients are also set to zero, and all control func-
tions are dropped except for one of the diagonal elements.
The nonlinear coefficients in these equations are evaluated
from a known conformal transformation function on facing
coordinate surfaces and interpolated into the field. A C-type
system around the wing leading edge, with a fictitious ex-
tension extrapolated beyond the wing tip, is obtained for a
wing-body configuration. This generation system was used in
Ref. 29.
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In Ref. 166, the Cartesian coordinates are taken to be
solutions of fourth-order biharmonic equations. This system
requires two boundary conditions on the entire boundary, so
that the intersection angle can also be specified. This system is
then linear in the transformed region and nonlinear in the
physical region, so that maximum principles are lost and
overlap of the coordinate lines is possible with some con-
figurations or boundary specifications. It is generally prefer-
able to have linear operators in the transformed region, rather
than the physical region, in order to allow general con-
figurations to be treated, as noted in Ref. 190.

In three dimensions it is possible, as shown in Ref. 200, to
devise a generation system based on the property of zero
curvature that characterizes a Euclidean space. Setting the
Riemann curvature tensor to zero yields six second-order
partial differential equations with the six metric coefficients
as dependent variables. In two dimensions, five of the six
equations are lost, but three metric coefficients remain, so
that two additional constraints, e.g., orthogonality con-
ditions, are necessary to close the system. A two-dimensional
orthogonal generation system based on these equations is
given in Ref. 201.

It is only the metric coefficients, and perhaps their
derivatives (the Christoffel symbols), that are needed in the
transformed partial differential equations of physical
systems. However, the Cartesian coordinates can be obtained
from the metric coefficients by solving a system of first-order
partial differential equations, as shown in Ref. 200. For two-
dimensional orthogonal systems this final solution reduces to
quadratures.

In Ref. 77, the equations of an elliptic generation system
are solved by checkerboard SOR, an iterative scheme which
will vectorize. References 18 and 156 use Jocobi iteration in
order to use vectorization. The three-dimensional solution in
Ref. 179 uses line SOR, as does the two-dimensional
procedure in Ref. 107. Alternating-direction (ADI) solutions
are used in Refs. 32, 205, 84, and 58. A semidirect marching
method of solution is given in Ref. 150. However, this
procedure is not suitable when there is significant grid
clustering in more than one curvilinear coordinate direction.
A multigrid solution is given in Ref. 20.

Since the elliptic generation systems normally used are
nonlinear, the initial guess must be sufficiently near the
solution or else iterative solution methods will not converge.
Reference 150 suggests gradually building up the nonlinear
coefficients as the iteration proceeds, starting with uniform
values and hence linear equations which, if convergent, are so
from any initial guess. This reference also suggests gradual
building up of the boundary conditions, and gradual im-
plementation of the control functions, as noted also in Ref.
190.

The solution of the biharmonic generation system of Ref.
166 was done by an alternation between the conjugate
gradient and Gauss-Seidel iteration methods. The former
works well in resolving low-frequency error waves, while the
latter is more effective against the high-frequency waves.

Finally, an elliptic generation system can be applied as a
smoother to a grid generated by any means, as in Refs. 91 and
56.

Parabolic and Hyperbolic Systems
Reference 122 uses parabolic partial differential equations

as the generation system. Hyperbolic equations have also been
used, as noted in Ref. 190. Hyperbolic systems do not allow
the entire boundary to be specified, rather the solution
marches outward from a specified boundary, the outer
boundary being free. Hyperbolic systems will propagate
boundary slope discontinuities into the field. The solution of
both of these systems is typically easier than that of elliptic
systems, since marching tridiagonal solutions can be used if
an appropriate linearization is done.

Reference 11 uses a parabolic system formed by adding a
time derivative to the usual elliptic system in order to obtain
grid evolution equations to couple with the flow solution
equations for a time-dependent free surface. In Refs. 125 and
127 a hyperbolic generation system is used in which the
Jacobian, i.e., the cell area, can be specified. The resulting
coordinate system is orthogonal at the boundary and nearly so
elsewhere. This generation system has been discussed also in
Ref. 190.

Orthogonal System
Orthogonal coordinate systems produce fewer additional

terms in transformed partial differential equations. Also, as
noted earlier, severe departure from orthogonality will in-
troduce truncation error in difference expressions. A general
discussion of orthogonal systems on planes and curved
surfaces is given in Ref. 48 and various generation procedures
are surveyed in Refs. 48 and 190. For orthogonal systems all
of the off-diagonal metric coefficients vanish, and for con-
formal systems the remaining coefficients are all equal.

In numerical solutions, the concept of numerical or-
thogonality, i.e., that the off-diagonal metric coefficients
vanish when evaluated numerically, is usually more important
than strict analytical orthogonality, as noted in Ref. 48,
especially when the equations to be solved on the system are in
the conservation law form.

There are basically two types of orthogonal generation
systems: one based on the construction of an orthogonal
system from a nonorthogonal system, and the other involving
field solutions of partial differential equations. The first
approach involves the construction of orthogonal trajectories
on a given nonorthogonal system. Here one set of coordinate
lines of the nonorthogonal system is retained, while the other
set is replaced by lines emanating from a boundary and
constructed by integration across the field so as to cross each
line of the retained set orthogonally. Control of the line
spacing is exercised through the nonorthogonal system and
through the point distribution on the boundary from which
the trajectories start. The point distribution on only three of
the four boundaries can be specified. Several methods for the
construction of orthogonal trajectories are discussed in Refs.
48 and 190 and some recommendations are made.

If point distributions are to be specified on all boundaries,
the field approach must be taken. As noted in Refs. 200 and
190 all orthogonal coordinate systems must satisfy the
equation

(7)

where _/, j, k are cyclic and no summation is intended. Here
hi = ̂ igii with no summation. The off-diagonal metric
coefficients (gijf i^J) vanish for orthogonal systems. The
transformed equations are

L0r = 0 (8)

where the second-order differential operator L0 is defined by

h2 \ h3 df
In two dimensions, the coordinate system satisfies Laplace

equations when g22/8n = const and the conformal case occurs
when the constant is unity. It is shown in Refs. 200 and 190
that if a conformal system (£,rj) is transformed to another
system ($,17) by one-dimensional stretching functions £=/(£),
77 = 5(17), the new system will remain orthogonal, but not
conformal, and will have

g22/gll=(f'/S')2 (10)
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In Ref. 154, Eq. (9) is applied in two dimensions as the
generation system, with g22/gu taken as a (control) function
of £ and r/. With this generation system an orthogonal
coordinate system can be obtained with arbitrary point
distribution on the boundaries by evaluating the single control
function in the course of the iterative solution of the
generation equation. This is done in a manner similar to that
used in the GRAPE code, discussed above, with new boun-
dary values of the control function being calculated from the
present iterate for the coordinates. The control function in the
field is then determined from these boundary values by either
transfinite interpolation or as the solution of Laplace's
equations, the former being found preferable in the cases
considered. (With more distorted boundaries the Laplace
solution might be more reliable than the interpolation.)
Different forms of interpolation, or an equation other than
the Laplace, for the determination of the control function in
the field, would allow some control of coordinate line spacing
in the field. However, since only a single control function is
involved, it is not possible to exercise control of the coor-
dinate line spacing in the field in both directions.

If one boundary can be left completely free, then a
hyperbolic system of equations can be used, with the solution
marching outward toward the free boundary. The hyperbolic
system can be developed from the requirement that the off-
diagonal metric coefficients vanish, with one additional
condition on the metric. This additional condition may
conveniently be taken as specification of the Jacobian, and
hence the cell area, although the cell aspect ratio would be
another possible choice. This system has been mentioned in
the preceding subsection. Again, several methods are
discussed in Refs. 190 and 48. A variational procedure for the
generation of orthogonal grids has been given recently in Ref.
121. A procedure based on the vanishing of the Riemann
curvature tensor has been given recently in Ref. 35. (The use
of the Riemann tensor is also discussed in Ref. 200.)

Orthogonality in three dimensions is difficult to achieve, as
noted in Ref. 48, and only exists when the coordinate lines on
the bounding surfaces follow lines of curvature, i.e., lines in
the direction of maximum or minimum curvature of the
surface. Therefore, three-dimensional orthogonal coordinates
will not be available in most cases with nontrivial geometry. It
is possible, however, to have the system locally orthogonal at
boundaries, and/or to have orthogonality of surface coor-
dinates.

Three-Dimensional Systems
The grid generation systems discussed in the preceding

subsections, except for the conformal systems, are applicable
to general three-dimensional configurations. Several examples
of such three-dimensional grids are cited in Ref. 190, and
others appear in Refs. 103, 179, 200, and 202. However, with
complicated three-dimensional physical configurations, it
may be difficult to generate a single grid that is smooth and
has adequate point distributions in all areas. One approach,
discussed above, is to generate individual systems in con-
tiguous subregions. Single-region grids have been generated,
however, in Ref. 163.

Three-dimensional grids may be constructed in some cases
by simply connecting corresponding points on two-
dimensional grids generated on stacks of planes or curved
surfaces. It should be noted, however, that this procedure
provides no inherent smoothness in the third direction, except
in cases where the stack is formed by an analytical rotation or
transformation of the surface system. Stacking of surfaces
was used in Refs. 26 and 23 for a three-dimensional internal
configuration. Other applications appear in Refs. 25, 125,197,
142, and 159, where the two-dimensional grids are generated
at successive positions in marching solutions. In Ref. 84, only
a few two-dimensional systems are generated, and the stack
was formed by interpolation between these systems. Another
type of stack is constructed by rotating a two-dimensional

system, about an axis, as in Refs. 67, 73, 99, 148, 127, and 89.
A recent application of stacked grids to treat a wing-tail-
fuselage configuration is given in Refs. 165 and 91. Stacking
has also been used in Refs. 36, 162, 70, and 160.

Finite wings in such a stacking procedure have been treated
as in Refs. 42, 84, 95, and 96 by fictitious extension of the
wing with zero thickness beyond its tip. In this approach, the
grid points on the extension, which are actually field points,
are specified as boundary points. This means that the grid on
the extension does not have the benefit of the smoothing
effect of the generation system that occurs at other field
points, and the metric coefficients may not be continued
across the extension. In Ref. 180 the wing is transformed to a
slit (H-type), with a fully three-dimensional solution of an
elliptic generation system. A full solution is used in Ref. 179
but with a C-type system around the wing tip and its extension
forward and aft. This extension of the tip creates an axis
singularity which requires special consideration in the
solutions done on the grid. Another type of stacking is used in
Refs. 139 and 20 where an axisymmetric system is constructed
from a succession of algebraically generated systems on
coaxial conical surfaces. This approach could be generalized
to nonaxisymmetric cases by deforming the grids on the
conical surfaces.

In Ref. 56, a pylon/nacelle was inserted into a stacked grid
about a wing by simply moving points in the spanwise
direction along existing grid lines to the intersection of these
grid lines with the pylon/nacelle. The points between the
inserted body and some fixed points, some spanwise distance
to either side, were then moved proportionally. The resulting
grid, however, does not give a really good fit to the entire
inserted body. In Ref. 135 three-dimensional systems are
generated by locating the intersection of streamlines with
planes normal to a fixed direction. These intersections, and
thus the coordinate system, are generated in the course of a
flow solution. Obviously recirculation cannot be treated;
therefore, the range application is somewhat limited.

The generation of a two-dimensional coordinate system on
a curved surface is a technique which can provide a surface
boundary point distribution for three-dimensional grid
generation in a region bounded by surface segments. Such
two-dimensional curved surfaces could also be stacked to
build up a three-dimensional grid directly. It may be that the
generation of two-dimensional grids on curved bounding
surfaces is the most difficult part of three-dimensional grid
generation, cf., Refs. 153 and 166. Two of the more simple
approaches are parametric transformation in which the
Cartesian coordinates of the surface are defined in terms of
two parametric variables which then become the surface
coordinates and projection, whereby a two-dimensional plane
system is projected onto the surface. An algebraic con-
struction of a surface grid from a surface parameterization
has recently been given in Ref. 163. Projection has been used
recently in Ref. 161, and results for transonic potential flow
are given in Ref. 162. This approach is applicable only to
simple surfaces.

In Ref. 200, a surface generation system based on the Gauss
equations of a surface is given. The equations can be put into
the form

Lr+ G =nR (11)

where A2 is the second-order differential operation of
Beltrami, L the second-order differential operator

d2 d2

(12)

G3 is the square of the two-dimensional Jacobian,
G3 =g]]g22 — (g2

12), n is the normal to the surface, and R is
proportional to the mean curvature of the surface. If the
generation system for the curvilinear coordinate system on the
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surface is taken to be

(13)

where P and Q are control functions to be specified, the
transformed equations are, by Eq. (11),

(14)

For a plane surface, the Beltrami operator reduces to the
Laplacian operator, and the curvature term on the right-hand
side of Eq. (14) vanishes, so that this generation system then
reduces to the widely used plane two-dimensional system
formed by the equations (cf., Ref. 185),

A2 77 = (15)

which is the two-dimensional form of Eq. (2). The general
surface generation system based on the Beltrami operator is
thus a generalization of the plane system based on the
Laplacian operator. If the control functions are zero (and the
boundary points are allowed to move on the boundaries), the
resulting coordinates are said to be isothermic. Isothermic
coordinates are the general surface analog of conformal
coordinates in a plane.

The form given by Eq. (14) is appropriate for a surface of
constant f, with £ and rj the coordinates on the surface. All of
the out-of-surface derivatives, i.e., the f derivatives must
either be specified externally on the entire surface or in-
terpolated from specified edge values. When this surface
generation procedure is used to build a three-dimensional
coordinate system by stacking surfaces, the f derivatives can
be evaluated on specified curves on the specified surfaces
which bound the stack and interpolated onto each surface of
the stack. The dimensional generation system is then solved
on each successive surface in the stack. Note that the surfaces
of the stack are not specified, but are generated in turn using
the information interpolated from the bounding surfaces.
Some exact solutions of Eq. (14) for special cases are given in
Ref. 200. The numerical solution procedure is discussed in
Refs. 200 and 202, some results being given in the latter work.
The required equations are also summarized in Ref. 185.

It is also shown in Ref. 185 that if a solution (£,ij) of Eq.
(14) with P=Q = Q is transformed to another system (£,ry) ,
then the new system is the solution of system (14) with the
control functions

P= (l/G3)(g22P1
11 -2g12P\2 + g!1P22)

Q= (l/G3)(g22P2
11 -2g12P]2 +gnP2

22) (16)

where the form of the control function P£- is the same as that
given by Eq. (5), except that the summation limit is 2. This
result shows that a system generated by stretching applied to a
solution of the homogeneous equations could have been
generated directly from the elliptic system with proper control
functions. For one-dimensional stretching, only P!

n and P22
are nonvanishing, so that this reduces to the simple form
given in Eq. (6).

It is also shown in Ref. 200 that the generation system of
Ref. 180 for a general surface can be arranged into the same
form as Eq. (14). In the derivation of the latter reference,
however, the out-of-surface coordinate lines were assumed to
intersect the surface orthogonally with vanishing curvature. It
was also necessary to divide out a parameter which can be
zero in some cases. These steps are not necessary when the
development is from the Gauss equations. Finally the interest
in the development of the two systems is different, in that in
the approach of Ref. 180 the z derivatives are specified. In the
Gauss equation procedure of Ref. 200, it is the f derivatives
that are specified. Both of these approaches are summarized
in Ref. 185.

This specification of the out-of-surface derivatives, i.e., the
f derivatives, can be replaced with the specification of a
parametric representation of the surface. In this case the
generation system given by Eq. (14) becomes a system of two
equations for the two surface parametric variables, rather
than the three Cartesian coordinates, as shown in Ref. 189.
The surface generation systems of Ref. 180 can also be recast
using the parametric surface representation, as has been done
in Ref. 206. When cast as a generation system based on
parametric representation of the surface, the approach of
Ref. 200, i.e., Eq. (14), and that of Ref. 180, lead to exactly
the same generation system. A third approach, Ref. 59, has
recently been given which is also equivalent to these two with
the parametric surface representation.

The generation of three-dimensional grids from elliptic grid
generation systems has been surveyed recently in Ref. 189 and
algebraic grid generation in three dimensions is discussed in
Ref. 169. (The latter reference also discusses computer
graphics for use in grid displays.) An algebraic grid
generation system based on transfinite interpolation is given
in Ref. 53.

Adaptive Grids
Probably the most important area of research in grid

generation at present is the development of dynamically
adaptive systems in which the grid points move in response to
the developing physical solution being done on the grid. The
point distribution over the field is thus readjusted dynamically
to concentrate points in regions of larger solution variation as
they develop, without reliance on prior knowledge of the
location of such variations.

Several considerations are involved here, some of which are
conflicting. The points must concentrate, and yet no region
can be allowed to become devoid of points. The distribution
also must retain a sufficient degree of smoothness, and the
grid must not become too skewed or the truncation error will
be increased as discussed earlier. This means that points must
not move independently, but rather each point must somehow
be coupled at least to its neighbors. Also, the grid points must
not move too far or too fast or oscillations may occur.
Finally, the solution error, or other driving influence, must be
sensed, and there must be a mechanism for translating this
influence into the motion on the grid. The need for a mutual
influence among the points calls to mind either some elliptic
system, thinking continuously, or some sort of attraction
(repulsion) between points, thinking discretely. Both ap-
proaches have been taken with some success. The use of an
adaptive grid may not necessarily increase the computer time,
even though more computations are necessary since con-
vergence properties of the solution may be improved and
certainly fewer points will be necessary, cf., Refs. 9 and 45.

In Ref. 194 the boundary point distribution is
reparameterized based on the results of a solution on a
preliminary grid. Here the reparameterizion is not related
either to. the error or to the solution variation, but is done
through simple functions specified beforehand for certain
regions of the flow. This approach is thus not really
dynamically adaptive, but rather is a rearrangement of the
grid based on one preliminary solution. Nevertheless, the
results show considerable improvement in shock resolution.

If the time derivatives are transformed to derivatives taken
at fixed points in the transformed region, rather than in the
physical region, then no interpolation is required when the
adaptive grid moves. This is the appropriate approach when
the grid evolves with the solution at each time step. Some
methods, however, change the grid only at selected time steps,
and here interpolation must be used to transfer the values
from the old grid to the new. Illustrations of both approaches
are given in Ref. 190 and the latter procedure is used in Ref.
65.

The transformation of the time derivative effectively adds
additional convection-like terms, proportional to the grid
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speed, to the equations. In Ref. 61, the grid is made to move
so that the grid speed is such that these additional terms
cancel the other first-derivative terms, leaving only second
derivatives in the equations to be solved. These first-derivative
terms arise both from the convective terms and from the
transformation of second derivatives, i.e., from the viscous
terms. Without the viscous terms this procedure would
amount to using a Lagrangian grid moving with the fluid
velocity.

The development and application of adaptive grids has
been surveyed in Ref. 187, where it is concluded that the
ultimate answer to numerical solution of partial differential
equations may well be dynamically adaptive grids, rather than
more elaborate difference representations and solution
methods. It has been noted by several authors that when the
grid is right, most numerical solution methods work well.
Oscillations associated with cell Reynolds numbers and
shocks in fluid mechanics computations have been shown to
be eliminated with adaptive grids. Even the numerical
viscosity introduced by upwind differencing is reduced as the
grid adapts to regions of large solution variation. The results
obtained to date have indicated clearly that accurate
numerical solution can be obtained when the grid points are
properly located.

It is also clear that there is considerable commonality
among the various approaches to adaptive grids. All are
essentially variational methods for the extremization of some
solution property. The explicit use of variational principles
allows effective control to be exercised over the conflicting
requirements of smoothness, orthogonality, and con-
centration, which is probably the most promising approach in
multiple dimensions.

The adaptive grid is most effective when it is dynamically
coupled with the solution, so that the solution and the grid are
solved together in a single continuous problem. The most
fruitful directions for future effort thus are probably in the
development and direct application of variational principles
and in intimate coupling of the grid with the solution.

Variational Approach
Considering the grid from a continuous viewpoint, it occurs

that something should be minimized by the grid
rearrangement, and thus a variational approach is logical.
Such an approach is explained in Ref. 18 and used in Ref. 156.
To begin, the quantity (V £) 2 + ( V r?)2 represents the
variation of the curvilinear coordinates over the field in two
dimensions, and thus is a measure of the grid roughness.
Therefore, to maximize the smoothness of the grid, it is
appropriate to minimize the integral of this quantity over the
field.

(17)

The two Euler equations for this variational problem in the
physical region are found by setting to zero the application of
the following operators to the integrand:

_a__a___a__a_ a a a a a
a* d£x dy d£y dy dx dr]x dy drjy

(18)

The result is simply the Laplace equations for £ and 77, which
have long been used as a generation system as noted above.
Coordinate systems generated from the Laplace equations
thus maximize smoothness. This minimization can be carried
out in the transformed region by transforming the integral in
Eq. (17) to

(19)

and setting the application of the following operators on this
integral to zero:

a a a a a a a a a a
— - — -r— -- — -T— and — - — —— - — —— (20)ox a£ dx^ or] ox dy d% dyt drj dy

The off-diagonal metric coefficient g]2 vanishes for an
orthogonal system, and hence its magnitude is a measure of
the departure from orthogonality. Since the metric coef-
ficients are transformation properties, it seems appropriate to
minimize the integral of gl2 over the transformed region

-i
Expressed in the physical region, this integral is

(21)

(22)

The Euler equations in either region then can be obtained by
application of the appropriate operators to the corresponding
integral as discussed above.

Orthogonality could also be controlled without the g372 in
the integral in the physical region. However, in Ref. 156, the
inclusion of this term, which amounts to the use of g12 instead
of V £ • V?7 as the orthogonality measure, was found to relieve
some problems with rounding errors. With #12 as the measure,
large cells (where the Jacobian in large), are orthogonalized
more effectively than are small cells. With v £ - V r ? as the
measure, the orthogonalization effect would apply equally to
all cells. (Generalized Caucy-Riemann conditions have
recently been used in Ref. 121 as the orthogonality measure in
the integral I0.)

Now the adaptive control of the grid spacing can be
achieved if the product of the Jacobian (the cell area) and a
positive weight function (to be specified) are kept constant
over the field. This is accomplished by minimizing the integral
of this nonzero product over the field

(23)

(24)

Iw= I w(x,y)^ dxdy

In the transformed plane this integral becomes

7^1H

The grid generation system is then formed by minimizing a
weighted sum, /, of these integrals.

N N
(25)

where N is the total number of points in the field, and J^is the
average weight function over the field

W= - { wdxdyA J
(This scaling of the weighted sum is an extension of that given
in Ref. 209.) The Euler equations for this variational
problem, which will be the weighted sums of those for the
individual integrals, form the system of partial differential
equations from which the coordinate system is generated.
These two equations have the form

= - (g/2w) wx

= - (g/2w)
(26)
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where the coefficients are quadratic functions of the first
derivatives. Emphasis is varied among the sometimes com-
peting features of smoothness, orthogonality, and adaptivity
by the choice of the constants \0 and Xw . For example, a large
X0 will result in a grid that is very nearly orthogonal, at the
cost of smoothness and adaptivity.

The weight function w(x,y) is to be a function of some
measure of the solution error or variation, so that the spacing
will be reduced where the error or variation is large. Some
rather spectacular results of the grid adapting to a reflected
shock are given in Ref. 156. Here the magnitude of the
pressure gradient was used in the weight function.

The extension of this approach to three dimensions follows
immediately with the inclusion of the third gradient squared
in the smoothness integral, the addition of two more analo-
gous terms to the orthogonality integral, and the in-
terpretation of Vg as the three-dimensional Jacobian, i.e., the
cell volume.156 Three separate orthogonality integrals, with
three corresponding weighting factors, could be used in view
of the difficulty of achieving complete orthogonality in three
dimensions, as mentioned above.

This variational approach is also useful in one dimension to
concentrate points on a boundary according to curvature. In
this case, the orthogonality integral is dropped and the
smoothness integral becomes

/c = (27)

where s is the arc length along the boundary curve, and the
weight function integral becomes

S w p
Fds=
C r. «J

(28)

with the weight function proportional to the boundary cur-
vature.

In one dimension, the weight function integral that is
minimized in the variational approach of Ref. 18 becomes, in
the transformed plane,

(29)

Now if each grid point were connected to its neighbors on a
straight line by springs with spring constants, 2w, the total
energy of the configuration would be exactly the same as the
above integral, since x is the point separation and the integral
performs the summation over the points. The equilibrium
distribution of these points then would be that distribution for
which this energy is a minimum. The Euler equation for this
variation problem is simply (2wx^)^=Q, so that the
equlibrium point distribution is that for which the product
wx^ is constant along the line. The higher dimensional forms
of the weight function integral in the variational approach of
Ref. 18 are analogous to this, with area and volume in two
and three dimensions, respectively, replacing the linear
distance used in one dimension.

The spring analogy is introduced directly in Refs. 64 and
65. Both damping and smoothing of the resulting point
distribution were used to control grid oscillation. The use of
the first derivative with respect to the curvilinear coordinate in
the method of Refs. 9 and 140 is equivalent to taking the
weight function as/^ in the variational problem.

Note also that the Euler equation for this one-dimensional
spring configuration can be written as

wjt^+w€Jt£=0 (30)

which shows that the spring constant and the weight function
of the variational formulation in one dimension are exactly

equivalent to the control function of the one-dimensional
elliptic generation system described above [Eq. (6) ] .

This concept of equidistributing a positive weight function
has been used in a number of works on one-dimensional
problems, such as Ref. 204, and in Ref. 45 this approach is
used to cause a two-dimensional grid to adapt along one set of
coordinate lines in a combustion problem. It may be
preferable in many cases to subequidistribute the weight
function so that the product wx%, or its analog in higher
dimensions, is bounded rather than constant over the grid. In
Ref. 45 the constraint that the ratio of adjacent spacings be
bounded above and below is added also. Here the adaptive
grid eliminated oscillation in a combustion solution. The one-
dimensional equidistribution case has a solution in quad-
ratures, since if wx^ = const we have

(31)

where in general x is the arc length along a curve. This is
essentially the approach used in the spring-analogy approach
of Refs. 64 and 65, with the integrals being expressed as
discrete summations. In Ref. 65 the weight function is taken
as the magnitude of a gradient along the grid line bounded
away from zero. Later applications of this approach are given
in Ref. 44.

This approach is also followed in Ref. 3, using the
magnitude of the second derivative with respect to the Car-
tesian coordinates as the weight function. This procedure is
used to generate lines of points at each successive marching
position from a preliminary flow solution on a coarse grid at
that position in a parabolic flow solution. The use of the flow
solution at the previous position to define the new grid line
was found to lead to oscillation between the solution and the
grid. Some results for flow in a channel with intermittent
finite plates are given. Considerable improvement was noted
with the adaptive grid.

Other recent applications of the one-dimensional form have
been given in Refs. 123 and 2, as well as in several references
discussed in Ref. 188, and further discussion appears also in
Ref. 43, where it is noted that the cell Reynolds number
problem is one of resolution and can be effectively removed
with an adaptive grid with a fixed number of points. An
example of adaption along an airfoil into a shock is given in
Ref. 123. Two recent procedures for the application of
equidistribution in two dimensions have been given in Refs.
51 and 52. Reference 51 involves a two-dimensional
relaxation, while Ref. 52 applies successive alternatives of
one-dimensional adaptions. Both of these procedures, as well
as Ref. 2, use the solution curvature, i.e., second derivatives
as well as the solution gradient in the weight function.

Moving Finite Element
The moving finite element method of Refs. 118 and 1 17 is a

dynamically adaptive grid method in which the grid point
locations are made additional dependent variables in a
Galerkin formulation. The solution is expanded in piecewise-
linear functions in terms of its values at the grid points and
those of the grid point locations on each element. The residual
is then required to be orthogonal to all the basis functions for
both the solution grid point values. The grid point locations
are thus obtained as a part of the finite element solution. An
internodal viscosity is introduced to penalize the relative
motion between the grid points. This does not penalize the
absolute motion of the points. An internodal repulsive force is
also introduced in Ref. 117 to maintain a minimum point
separation. Both of these effects are strong, but of short
range. A small, long-range attractive force was also in-
troduced to keep the nodes more equally spaced in the absence
of solution gradients. Small time steps are used in the initial
development of the solution. The method has been extended
to two dimensions. In Ref. 60 some tests were conducted with
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the moving finite element method which show that dispersion
and dissipation are essentially eliminated. Square waves are
convected exactly, as is shown in comparison with other
methods. Numerous other examples are given for various
equations. An order of magnitude increase in stability is
realized over conventional methods. This work makes it clear
that the key to reducing dispersion is adaptive grids.

An adaptive grid in a finite element solution is also used in
Ref. 37, but the grid motion is not completely coupled with
the solution. Rather, the grid is moved separately from the
solution and only after certain time steps. The finite element
formulation is based either on piecewise-linear or piecewise
cubic Hermite approximations. In the latter case the first
derivatives of the solution become additional dependent
variables. These expansions are on a fixed grid. After a
certain number of time steps the grid points are redistributed
such that the product of the grid spacing to the p power and
the magnitude of the pth derivative of the solution on the grid
is equidistributed on the grid. The value of/? is 1 for the linear
approximation and 3 for the cubic. The pth derivative is
obtained by finite differences. Some limitations were placed
on the grid changes. The adaptive grid was found to be ef-
fective in eliminating oscillation.

Attraction Approach
A different approach to dynamically adaptive grids is taken

in Refs. 9, 127,140, 7, and 8. Here, instead, generating new
grid point locations through the solution of partial dif-
ferential equations, the grid points move directly under the
influence of mutual attraction or repulsion between points.
This is accomplished by assigning to each grid an attraction
proportional to the difference between the magnitude of some
measure of error (or solution variation) and the average
magnitude of this measure over all points. This causes points
with values of this measure that exceed the average to attract
other points, and thus to reduce the local spacing, while points
with a measure less than the average will repel other points
and hence increase the spacing. This attraction is attenuated
by an inverse power of the point separation in the trans-
formed field. The collective attraction of all other points is
then made to induce a velocity for each grid point.

Reflections in boundaries in the transformed field are used
to provide smooth grid motion near and on the boundaries.
Since the transformed field is rectangular, this reflection is
not complicated by the shape of the physical boundaries. A
means of including terms that will induce rotational motion
into the grid, also discussed in Ref. 9, has been devised to
cause the grid lines to align with lines of high gradients such as
shocks. Here the adaptive grid essentially eliminated the post-
shock oscillations that occurred with the fixed grid.

In this approach, the magnitude of the first or second
derivative has often been used as the variation measure which
is driven toward a uniform distribution. Another measure
used is the product of the first derivative with the derivative of
the Cartesian coordinate with respect to the curvilinear, i.e.,
the spacing. The use of higher derivatives in the error ex-
pressions was found to result in noisy measures and erratic
point motion. This arises because of the lack of accuracy in
the difference representatives of these higher derivatives.

This procedure does not exercise any control over either the
smoothness or orthogonality of the grid, so that distortion is
possible. Collapse of points into each other, however, is
impeded because the attraction will become repulsion as the
points approach each other, since the measure which drives
the motion will drop below the average as the spacing
decreases. Collapse is impeded further by the fact that the grid
velocities decrease with the spacing. It has been found
necessary to apply some limits and some damping of the grid
speeds to prevent grid oscillation and distortion. Smoothing
through the addition of diffusion-like terms in the calculation
of the grid movement from the grid speeds has also been used,
cf.,Ref. 8.

Since this procedure has all grid points moving to cause
some measure to approach uniformity over the field, it can be
considered an iterative approach to the solution of a
variational problem to minimize the variation of this measure
over the field. With the measure taken as \u% I , as in Refs. 9
and 140, the equivalent weight function, w, of the one-
dimensional variational problem discussed above is w= \ux\.
This occurs because the grid ceases to move when the measure
is uniform, i.e., when the local value is equal to the average
value everywhere. Therefore, the grid can be considered to
move so as to minimize the variation in the measure over the
field. Since the one-dimensional variational approach
discussed above has the grid adjusting to minimize the
variation of wx% over the field, it follows that with the
measure taken as \u%\= \uxx^ I , this attraction approach can
be viewed as an implementation of the variational approach
with the weight function w= \ux\. With the measure taken as
\Uft I , as is also done in Refs. 9 and 140, we have

As noted above, these weight functions are also twice the
equivalent spring constants in the spring analogy of Refs. 64
and 65, and also are the equivalent control functions in the
one-dimensional version of the elliptic generating system
given above [Eq. (6)].

A different, but somewhat related, approach is taken in
Ref. 69 based on a chemical reaction analogy. Here each grid
interval is taken to represent a species concentration, and the
reaction rate constants are made dependent on the difference
between a local error measure for one grid interval compared
with another. Each grid interval then is coupled with every
other grid interval through reaction rate equations, so that
each integral grows at the expense of others, and vice versa.
Some results for one and two dimensions are given. These rate
constants also contain factors designed to limit the range of
variation of the grid intervals.

Driving Measures
The evaluation of the driving measure of the error or

solution variation is still a critical problem in all adaptive
procedures. The truncation error expressions can be derived
as noted above, although the algebra may be tedious, but
these expressions involve higher order derivatives which may
be very noisy when evaluated numerically, cf., Refs. 9 and 45.
Therefore preference has usually been given to the use of
solution variations involving lower derivatives.

In one dimension, if the grid is such that the same change in
the dependent variable occurs between each pair of grid
points, then the second and all higher derivatives with respect
to the curvilinear coordinate will vanish, thus reducing the
truncation error as noted above. This approach has been
followed in Refs. 1, 9, and 57 for instance. Therefore, the first
derivative with respect to the curvilinear coordinate is one
logical choice for a driving measure. However, the use of this
quantity alone is not completely satisfactory, since regions of
uniform flow will become completely devoid of grid points,
and the point distribution also will be depleted near solution
extrema. Therefore, some influence of at least the second
derivative needs to be included in the measure, and the
measure should be bounded away from zero in uniform
regions. Some of these considerations are discussed in
Ref. 45.

When truncation error expressions are used for the
measure, they should be expressed in terms of solution
derivatives with respect to the Cartesian coordinates and the
metric coefficients. The grid is to vary so as to reduce the
error by changing the metric coefficients. In contrast, solution
variations used as a driving measure to be driven to zero
should be expressed in terms of solution derivatives with
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respect to the curvilinear coordinates since derivatives with
respect to the Cartesian coordinates cannot be affected by the
grid. Solution variations used as weight functions, as in the
variational approach discussed above, however, are ap-
propriately expressed in terms of the Cartesian derivatives,
since the effort of the minimization is to concentrate points
where the weight function is large.

The determination of appropriate measures for systems of
equations is obviously more in doubt, and some sort of
average influence of all the variables must be considered
unless one variable is dominant or representative of all. In
compressible flow applications with shocks, the density is a
logical choice, although the Mach number,65 internal
energy,65 or pressure156 can serve also, while in boundary
layers both the velocity magnitude and vorticity have been
used.57 In Ref. 3 individual point distributions are obtained
for each variable and the most dense clustering is used. In
Ref. 45 different grids were used for different equations, with
interpolation between.

Moving Boundaries
Coordinate systems that are time-dependent because of

boundary movement, or to follow some internal demarcation,
are adaptive in the sense of following the delimiting feature
rather than gradients or such. The incorporation of the
moving grid into the solution algorithm, in general, is the
same regardless of why the grid is moving. Several examples
of grids following boundary motion are cited in Ref. 190.

Other examples are found in the free surface applications of
Refs. 11, 77, and 208. In Refs. 144 and 145 the grid deforms
to follow the solid-liquid interface in a melting problem.
Other interface applications are given in Ref. 55. Reference
119 uses a grid which recedes to fit an advancing bullet in a
muzzle. The grid moves to follow a pitching airfoil in Ref. 78
and to follow a bow shock in Ref. 146. Time-dependent free
surface flows are treated in Refs. 11 and 77. Other results
from the method of Ref. 77 appear in Ref. 208.

Various Applications
A variety of applications to physical problems are

illustrated in Ref. 186 and more are cited in Ref. 190. In
particular, Ref. 115 discusses application to solid mechanics,
treating elastic torsion in shafts and the bending of thin elastic
plates. Some examples from this work have been cited above.
Reference 174 illustrates the application to external
aerodynamics, Ref. 45 gives some applications to heat and
mass transfer, and Ref. 101 discusses internal flows.
Reference 92 covers some applications to flows in rivers and
harbors. Spectral methods have been extended to include
variable geometric coefficients, thus allowing these methods
to be applied in the rectangular transformed plane.131'114'176

Some compact difference schemes have recently been given in
Ref. 13.

Conclusion
In conclusion, general three-dimensional regions are best

treated by segmenting the field into subregions, with grids
being generated in each subregion. The question of how much
continuity to enforce at the interfaces between the subregions
is still open, but means do exist for generating and using
segmented grids with complete continuity and with no con-
tinuity, the former requiring iteration among the subregions,
and the latter requiring interpolation in the region of the
interfaces.

It is clearly necessary to give consideration to the rate of
change of the grid line spacing, and also skewness, with
regard to grid-induced error. Some error evaluation
procedures are available, and this is an area of continuing
effort.

Dynamically adaptive grids coupled with the physical
solution evolving thereon can be expected to be the most

promising area of research in the coming years. It has been
noted that when the grid is properly positioned to resolve the
solution gradients, most solution algorithms work well.
Oscillations associated with cell Reynolds number and with
shocks in fluid mechanics computations have been shown to
be eliminated with adaptive grids. Even the numerical
viscosity introduced by upwind differencing is reduced as the
grid adapts to regions of large solution variation. Thus the
ultimate answer to numerical solution of partial differential
equations for computational fluid dynamics may well be
dynamically adaptive grids, rather than more elaborate
difference representations and solution methods.

References
^blow, C. M., "Equidistant Mesh for Gas Dynamics Calcula-

tions," Numerical Grid Generation, edited by Joe F. Thompson,
North-Holland, 1982.

2Ablow, C. M., Schechter, S., and Zwisler, W. H., "Node
Selection for Two-Point Boundary-Value Problems," Advances in
Grid Generation, ASME Fluids Engineering Conference, Houston,
June 1983.

3Acharya, S. and Patankar, S. V., "Use of an Adaptive Grid for
Parabolic Flows," AIAA Paper 82-1015, St. Louis, Mo., June 1982.

4Agarval, R. K. and Deese, J., "Numerical Solution of the Euler
Equations on Body-Conforming Curvilinear Grids," Advances in
Grid Generation, ASME Fluids Engineering Conference, Houston,
June 1983.

5Akai, T. J. and Mueller, T. J., "Use of the Theodorsen Trans-
formation to Generate Orthogonal Grids for Axisymmetric Bodies,"
AIAA Paper 82-0166, Orlando, Fla., Jan. 1982.

6Anderson, D. A., "Solution Adaptive Grids for Partial Dif-
ferential Equations," in ARO Report 82-3, Proceedings of 1982 Army
Numerical Analysis and Computer Conference, Vicksburg, Miss.,
1982.

7Anderson, D. A., "Adaptive Grid Methods for Partial Dif-
ferential Equations," Advances in Grid Generation, ASME Fluids
Engineering Conference, Houston, June 1983.

8Anderson, D. A., "Adaptive Mesh Schemes Based on Grid
Speeds," AIAA Paper 83-1981, Danvers, Mass., 1983.

9 Anderson, D. A. and Rai, M. M., "The Use of Solution Adaptive
Grids in Solving Partial Differential Equations," Numerical Grid
Generation, edited by Joe F. Thompson, North-Holland, 1982.

10Anderson, O. L., Davis, R. T., Hankins, G. B., and Edwards, D.
E., "Solution of Viscous Internal Flows on Curvilinear Grids
Generated by the Schwarz-Christoffel Transformation," Numerical
Grid Generation, edited by Joe F. Thompson, North-Holland, 1982.

11 Aston, M. B. and Thomas, J. W., "An Implicit Scheme for
Water Wave Problems," Numerical Grid Generation, edited by Joe F.
Thompson, North-Holland, 1982.

12Atta, E. H. and Vadyak, J., "A Grid Interfacing Zonal
Algorithm for Three Dimensional Transonic Flows About Aircraft
Configurations," AIAA Journal, Vol. 21, 1983, p. 1271.

13Aubert X. and Deville, M., "Steady Viscous Flows by Compact
Differences in Boundary-Fitted Coordinates," Journal of Com-
putational Physics, Vol. 49, 1983, p. 490.

14Baker, A. J., "Research on a Finite Element Numerical
Algorithm for the Three-Dimensional Navier-Stokes Equations,"
AFWAL-TR-82-3012, Final Report, April 1982.

15Benek, J. A., Steger, J. L., and Dougherty, F. C., "A Flexible
Grid Embedding Technique with Application to the Euler
Equations," AIAA Paper 83-1944, Danvers, Mass., 1983.

16Bernard, R. S. and Thompson, J. F., "Approximate Fac-
torization with an Elliptic Pressure Solution for Noncompressible
Flow," AIAA Paper 82-0978, St. Louis, Mo., June 1982.

!7Bisshopp, F., "Numerical Conformal Mapping and Analytic
Continuation," Quarterly of Applied Mathematics, Vol. 125, April
1983.

18Brackbill, J. U., "Coordinate System Control: Adaptive
Meshes," Numerical Grid Generation, edited by Joe F. Thompson,
North-Holland, 1982.

19Buning, P. G. and Steger, J. L., "Solution of the Two-
Dimensional Euler Equations with Generalized Coordinate Trans-
formation Using Flux Vector Splitting," AIAA Paper 82-0971, St.
Louis, Mo., June 1982.

20Camarero, R. and Reggio, M., "A Multigrid Scheme for Three-
Dimensional Body-Fitted Coordinates in Turbomachine Ap-
plications," Journal of Fluids Engineer ing, Vol. 105, 1983, p. 76.



1520 J. F. THOMPSON AIAA JOURNAL

21 Carter, J. E., Edwards, D. E., and Werle, M. J., ''Coordinate
Transformation for Laminar and Turbulent Boundary Layers,"
AIAA Journal, Vol. 20, Sept. 1982, pp. 282-284.

22Champney, J. M., Chaussee, D. S., and Kutler, P., "Com-
putation of Blast Wave-Obstacle Interactions," AIAA Paper 82-0227,
Orlando, Fla., Jan. 1982.

23Chang, I. S., "Three-Dimensional, Two-Phase Supersonic Noz-
zle Flows," AIAA Journal, Vol. 21, 1983, p. 671.

24Chaussee, D. S., Buning, P. G., and Kirk, D. G., "Convair 990
Transonic Flow-Field Simulation About the Forward Fuselage,"
AIAA Paper 83-1785, Danvers, Mass., 1983.

25Chaussee, D. W. and Rizk, Y. M., "Computation of Viscous
Hypersonic Flow Over Control Surfaces," AIAA Paper 82-0291,
Orlando, Fla., Jan. 1982.

26Chen, B. C-J., Chien, T. H., Sha, W. T., and Kirn, J. H., "3-D
Solution of Flow in an Infinite Square Array of Circular Tubes by
Using Boundary-Fitted Coordinate Systems," Numerical Grid
Generation, edited by Joe F. Thompson, North-Holland, 1982.

27Chen, L-T., "A Nearly Conformal Grid-Generation Method for
Transonic Wing-Body Flow Field Calculations," AIAA Paper 82-
0108, Orlando, Fla., Jan. 1982.

28Chen, L-T., "Improved Finite-Difference Scheme for Transonic
Airfoil Flowfield Calculations," AIAA Journal, Vol. 20, Sept. 1982,
pp. 218-226.

29Chen, L-T., "A More Accurate Transonic Computational
Method for Transonic Wing-Body Flowfield Calculations," AIAA
Paper 82-0162, Orlando, Fla., Jan. 1982.

5°Chen, L-T. and Caughey, D. A., "Transonic Inlet Flow
Calculations Using a General Grid-Generation Scheme," Journal of
Fluids Engineering, Vol. 102, Sept. 1980, pp. 309-315.

31 Chow, L. J., Pulliam, F. H., and Steger, J. L. "A General
Perturbation Approach for the Equations of Fluid Dynamics," AIAA
Paper 83-1903, Danvers, Mass., 1983.

Christov, C. I., "Orthogonal Coordinate Meshes with
Manageable Jacobian," Numerical Grid Generation, edited by Joe F.
Thompson, North-Holland, 1982.

33Coakley, T. J., "Implicit Upwind Methods for the Compressible
Navier-Stokes Equations," AIAA Paper 83-1958, Danvers, Mass.
1983.

34Coleman, R. M., "Generation of Boundary-Fitted Coordinate
Systems Using Segmented Computational Regions," Numerical Grid
Generation, edited by Joe F. Thompson, North-Holland, 1982.

35Dagenhart, J. R. and Saric, W. S., "An Orthogonal Coordinate
Grid Following the Three-Dimensional Viscous Flow Over a Concave
Surface," Advances in Grid Generation, ASME Fluids Engineering
Conference, Houston, June 1983.

36Dagon, A. and Arieli, R., "Fast Body-Fitted Grid Generation
Around 3-D Configurations," AIAA Paper 83-1936, Danvers, Mass.,
1983.

37Davis, S. F. and Flaherty, J. E., "An Adaptive Finite Element
Method for Initial-Boundary Value Problems for Partial Differential
Equations," SI AM Journal on Scientific and Statistical Computing,
Vol.3, 1982, pp. 6-27.

38Deese, J. E. and Agarwal, R. K., "Calculation of Axisymmetric
Inlet Flowfield Using the Euler Equations," AIAA Paper 83-1853,
Danvers, Mass. 1983.

39Deiwert, G. S., "Numerical Simulation of Three-Dimensional
Boattail Afterbody Flow Fields," AIAA Journal, Vol. 19, Sept. 1982,
pp. 582-588.

40Deiwert, G. S., "Three-Dimensional Flow Over a Conical Af-
terbody Containing a Centered Propulsive Jet: A Numerical
Simulation," AIAA Paper 83-1709, Danvers, Mass. 1983.

41Doria, M. L. and South, J. C., "Transonic Potential Flow and
Coordinate Generation for Bodies in a Wind Tunnel," AIAA Paper
82-0223, Orlando, Fla., Jan. 1982.

42Dulikravich, D. S., "Fast Generation of Three-Dimensional
Computational Boundary-Conforming Periodic Grids of C-Type,"
Numerical Grid Generation, edited by Joe F. Thompson, North-
Holland, 1982.

43Dwyer, H. A., "A Discussion of Some Criteria for the Use of
Adaptive Gridding," AIAA Paper 83-1932, Danvers, Mass. 1983.

44Dwyer, H. A. and Sanders, B. R., "Droplet Heating and
Vaporization at High Reynolds and Peclet Numbers," AIAA Paper
83-1706, Danvers, Mass. 1983.

45Dwyer, H. A., Smooke, M. D., and Kee, J., "Adaptive Gridding
for Finite Difference Solutions to Heat and Mass Transfer
Problems," Numerical Grid Generation, edited by Joe F. Thompson,
North-Holland, 1982.

46Eidelman, S., Colella, P., and Shreeve, R. P., "Application of
the Godunov Method to Cascade Flow Modeling," AIAA Paper 83-
1941, Danvers, Mass., Aug. 1983.

47Eiseman, P. R., "Automatic Algebraic Coordinate Generation,"
Numerical Grid Generation, edited by Joe. F. Thompson, North-
Holland, 1982.

48Eiseman, P. R., "Orthogonal Grid Generation," Numerical Grid
Generation, edited by Joe F. Thompson, North-Holland, 1982.

49Eiseman, P. R., "Coordinate Generation with Precise Controls
Over Mesh Properties, "Journal of Computational Physics, Vol. 47,
1982, p. 331.

50Eiseman, P. R., "High Level Continuity for Coordinate
Generation with Precise Controls," Journal of Computational
Physics, Vol. 47, 1982, 352.

51Eiseman, P. R., "Adaptive Grid Generation by Mean Value
Relaxation," Advances in Grid Generation, ASME Fluids
Engineering Conference, Houston, June 1983.

5 Eiseman, P. R., "Alternating Direction Adaptive Grid
Generation," AIAA Paper 83-1937, Danvers, Mass., 1983.

53Eriksson, L. E., "Generation of Boundary-Conforming Grids
Around Wing-Body Configurations Using Transfinite Interpolation,"
AIAA Journal, Vol. 20, 1982, p. 1313.

54Flores, J. et. al., "A New Consistent Spatial Differencing for the
Transonic Full-Potential Equations," AIAA Paper 83-0373, Reno,
Nev., 1983.

55Fomin, V. M., Shapeev, V. P., and Yanenko, N. N., "Modelling
of Continuum Mechanics Problems with Large Deformation,"
Computational Methods in Applied Mechanics and Engineering, Vol.
32, 1982, p. 157.

56Forsey, C. R., "An Extension of a Transonic Wing/Body Code
to Include Underwing Pylon/Nacelle Effects," AIAA Paper 83-1805,
Danvers, Mass., 1983.

57Freeman, L. M., "The Use of an Adaptive Grid in a Solution of
the Navier-Stokes Equations for Incompressible Flows," Ph.D.
Dissertation, Mississippi State University, 1982.

58Fujii, K. and Kutler, P., "Numerical Simulation of the Euler
Equatibns for Complex Configurations," AIAA Paper 83-1929,
Danvers, Mass., 1983.

59Garon, A. and Camarero, R., "Generation of Surface-Fitted
Coordinate Grids," Advances in Grid Generation, ASME Fluids
Engineering Conference, Houston, June 1983.

^Gelinas, R. J. and Doss S. K., "The Moving Finite Element
Method: Applications to General Partial Differential Equations with
Multiple Large Gradients," Journal of Computational Physics, Vol.
40, 1981, pp. 202-249.

61Ghia, K. N., Ghia, U., and Shin, C. T., "Adaptive Grid
Generation for Flows with Local High Gradient Regions," Advances
in Grid Generation, ASME Fluids Engineering Conference, Houston,
June 1983.

62Ghia, U. and Abdelhalim, A., "Navier-Stokes Solution for
Longitudinal Flow Along Circular Cylinder, Including Blunt Leading-
Edge Separation," AIAA Paper 82-0024, Orlando, Fla., Jan. 1982.

63Ghia, U., Ghia, K. N., and Ramamurti, R., "Hybrid C-H Grids
for Turbomaching Cascades," Advances in Grid Generation, ASME
Fluids Engineering Conference, Houston, June 1983.

64Gnoffo, P. A., "A Vectorized Finite-Volume, Adaptive Grid
Algorithm for Navier-Stokes Calculations," Numerical Grid
Generation, edited by Joe F. Thompson, North-Holland, 1982.

65Gnoffo, P. A., "A Vectorized, Finite-Volume, Adaptive Grid
Algorithm Applied to Planetary Entry Problems," AIAA Journal,
Vol.21, 1983, p. 1249,

66 Gordon, W.J. and Thiel, L.C., "Transfinite Mappings and Their
Application to Grid Generation," Numerical Grid Generation, edited
by Joe F. Thompson, North-Holland, 1982.

67Graham, J. E. and Hankey, W. L., "Computation of the
Asymmetric Vortex Pattern for Bodies of Revolution," AIAA Paper
82-0023, Orlando, Fla., Jan. 1982.

68Grashof, J., "Numerical Investigation of Three-Dimensional
Transonic Flow Through Air Intakes Disturbed by a Missile Plume,"
AIAA Paper 83-1854, Danvers, Mass. 1983.

69Greenberg, J. B., "A New Self-Adaptive Grid Method," AIAA
Paper 83-1934, Danvers, Mass., 1983.

70Grossman, B., "The Computation of Inviscid Rotational
Gasdynamic Flows Using an Alternate Velocity Decomposition,"
AIAA Paper 83-1900, Danvers, Mass., 1983.

71Gutknecht, M. H., "Numerical Experiments on Solving
Theodorsen's Integral Equation for Conformal Maps with the Fast
Fourier Transform and Various Nonlinear Iterative Methods," SI AM
Journal of Scientific and Statistical Computing, Vol. 4, 1983, p. 1.



NOVEMBER 1984 GRID GENERATION TECHNIQUES IN CFD 1521

72Hah, C., "Modeling of Turbulent Flow Fields Through Cascade
of Airfoils at Stall Condition," AIAA Paper 83-1743, Danvers,
Mass., 1983.

73Halsey, D. "Conformal Grid Generation for Multielement
Airfoils," Numerical Grid Generation, edited by Joe F. Thompson,
North-Holland, 1982.

74Halsey, N.D., "Comparison of the Convergence Characteristic
of Two Conformal Mapping Methods," AIAA Journal, Vol. 20,
1982, pp. 724-726.

75Hankey, W. L., Graham, J. E., and Shang, J. S., "Navier-Stokes
Solution of a Slender Body of Revolution at Incidence." AIAA
Journal, Vol. 20, 1982, pp. 776-781.

76Harrington, A., "Conformal Mappings Onto Multiply Con-
nected Regions with Specified Boundary Shapes—A Preliminary
Discussion of Computer Implementation," Numerical Grid
Generation, edited by Joe F. Thompson, North-Holland, 1982.

77Haussling, H. J., "Solution of Nonlinear Water Wave Problems
Using Boundary-Fitted Coordinate Systems," Numerical Grid
Generation, edited by Joe F. Thompson, North-Holland, 1982.

78Hegna, H. A., "Numerical Prediction of Dynamic Forces on
Arbitrarily Pitched Airfoils in Turbulent Flow," AIAA Paper 82-
0092, Orlando, Fla., Jan. 1982.

79Heink, P. J. and Davis, R. T., "A Conformal Mapping
Technique for Non-Symmetric Flows with Free-Streamlines," Ad-
vances in Grid Generation, ASME Fluids Dynamics Conference,
Houston, June 1983.

80Hessenius, K. A. and Pulliam, T. H., "A Zonal Approach tc
Solution of the Euler Equations," AIAA Paper 82-0969, St. Louis,
Mo., June 1982.

81Hindman, R. G., "Generalized Coordinate Forms of Governing
Fluid Equations and Associated Geometrically Induced Error,"
AIAA Journal, Vol. 20, 1982, p. 1359.

82Hindman, R. G., Kutler, P. and Anderson, D., "Two-
Dimensional Unsteady Euler-Equation Soler for Arbitrarily Shaped
Flow Regions," AIAA Journal, Vol. 19, 1982.

83Hoffman, J. D., "Relationship Between the Truncation Errors of
Centered Finite-Difference Approximation on Uniform and
Nonuniform Meshes," Journal of Computational Physics, Vol. 46,
1982. pp. 469-474.

84Hoist, T. and Thomas, S., "Numerical Solution of Transonic
Wing Flow Fields," AIAA Journal, Vol. 21, 1983, p. 863.

85 Hough, D. M. and Papamichael, N., "An Integral Equation
Method for the Numerical Conformal Mapping of Interior, Exterior,
and Doubly-Connected Domain," Numerishe Mathematik, Vol. 41,
1983. p. 287.

86Huynh, H. and Jou, W. J., "Singularly Embedding Method in
Potential Flow Calculation," AIAA Paper 82-0991, St. Louis, Mo.,
1982.

87Hyman, J. M., "The Numerical Differentiation of Discrete
Functions Using Polynomial Interpolation Methods," Numerical
Grid Generation, edited by Joe F. Thompson, North-Holland, 1982.

88Ives, D. C., "Conformal Grid Generation," Numerical Grid
Generation, edited by Joe F. Thompson, North-Holland, 1982.

89Ives, D. C., "Quasi Three-Dimensional Grid Generation Using
Conformal Mapping," AIAA Paper 83-1906, Danvers, Mass., 1983.

90Ives, D. C., "Supercritical Inlet Design," AIAA Paper 83-1866,
Danvers, Mass., 1983.

91 Jameson, A. and Baker, T. J., "Solution of the Euler Equations
for Complex Configurations," AIAA Paper 83-1929, Danvers,
Mass., 1983.

92 Johnson, Billy H., "Numerical Modeling of Estuarine
Hydrodynamics on a Boundary-Fitted Coordinate System,"
Numerical Grid Generation, edited by Joe F. Thompson, North-
Holland, 1982.

93 Johnston, B. H., Stein, A. B., and Thompson, J. F., "Modeling
of Flow and Conservative Substance Transport on a Boundary-Fitted
Coordinate System," Proceedings of the Symposium on Refined
Modelling of Flows, Vol. 2, Presses Fonts et Chaussees, 1982, pp.
509-518.

94Johnston, W. and Sockol, P., "A Viscous-Inviscid Interactive
Procedure for Rotational Flow in Cascades of Two-Dimensional
Airfoils of Arbitrary Shape," AIAA Paper 83-0256, Reno, Nev.,
1983.

95 Jou, W. H., "Finite-Volume Calculation of Three-Dimensional
Flow Around a Propeller," AIAA Paper 82-0956, St. Louis, Mo.,
June 1982.

96Jou. W-H., "An Experience in Mesh Generation for Three-
Dimensional Calculation of Potential Flow Around a Rotating
Propeller," Numerical Grid Generation, edited by Joe F. Thompson,
North-Holland, 1982.

97Kennon, S. R. and Dulikravich, G. S., "Efficient Turbomaching
Grid Generation Using Traupel's Conformal Mapping," Advances in
Grid Generation, ASME Fluids Engineering Conference, Houston,
June 1983.

98Kerlick, D. G. and Klopfer, G. H., "Assessing the Quality of
Curvilinear Coordinate Meshes by Decomposing the Jacobian
Matrix," Numerical Grid Generation, edited by Joe F. Thompson,
North-Holland, 1982.

"Khosla, P. K. and Rubin, S. G., "A Composite Velocity for the
Compressible Navier-Stokes Equations," AIAA Paper 82-0099,
Orlando, Fla., 1982.

100KIevenhusen, K. D., "2-D Elliptic Grid Generation Using a
Singularity Method and Its Application to Transonic Interference
Flows," Numerical Grid Generation, edited by Joe F. Thompson,
North-Holland, 1982.

101 Knight, D. D., "Application of Curvilinear Coordinate
Generation Techniques to the Computation of Internal Flows,"
Numerical Grid Generation, edited by Joe F. Thompson, North-
Holland, 1982.

102Kreiss, B., "Construction of a Curvilinear Grid," SI AM
Journal of Scientific and Statistical Computing, Vol. 4, 1983, p. 270.

103Kumar, A., "Three-Dimensional Inviscid Analysis of the
Scramjet Inlet Flow Field," AIAA Paper 82-0060, Orlando, Fla., Jan.
1982.

104Kutler, P., "A Perspective of Theoretical and Applied Com-
putational Fluid Dynamics," AIAA Paper 83-0037, Reno, Nev.,
1983.

105Kwak, D., "An Implicit Full Potential Code for Cascade Flow
on H-Grid Topology," AIAA Paper 83-0506, Reno, Nev., 1983.

106Lasinski, T. A., Andrews, A. E., Sorenson, R. L., Chaussee,
D. S., Pulliam, T. H., and Kutler, P., "Computation of the Steady
Viscous Flow Over a Tri-Element 'Augment Wing' Airfoil," AIAA
Paper 82-0021, Orlando, Fla., 1982.

107von Lavante, E., "Elliptic Generation of Two-Dimensional
Grids for Internal Flow Calculations," TEES Tech. Rept. 12415-82-
01, Texas A&M, March 1982.

108von Lavante, E. and Thompkins, W. T., "An Implicit, Bi-
Diagonal Numerical Method for Solving the Navier-Stokes
Equations," AIAA Journal, Vol. 21, 1983, p. 828.

109Li, C. P. "Numerical Investigation of Unsteady Flow
Development in a Nozzle-Duct Configuration," AIAA Paper 83-
1714, Danvers, Mass., 1983.

110Manhardt, P.O. and Baker, A. J., "Automated Three-
Dimensional Grid Refinement on a Minicomputer," Numerical Grid
Generation, edited by Joe F. Thompson, North-Holland, 1982.

111 Mark, A., "Computation of Shock Wave/Target Interaction,"
AIAA Paper 83-0039, Reno, Nev., 1983.

112Mastin, C. W., "Error Induced by Coordinate Systems,"
Numerical Grid Generation, edited by Joe F. Thompson, North-
Holland, 1982.

113 Mastin C. W. and Thompson, J. F., "Adaptive Grids
Generated by Elliptic Systems," AIAA Paper 83-0451, Reno, Nev.,
Jan. 1983.

I14McCory, R. L. and Orszag, S. A., "Spectral Methods for
Multi-Dimensional Diffusion Problems," Journal of Computation
Physics, Vol. 37, 1980, pp. 93-112.

115McWhorter, J. C., "Solid Mechanics Applications of Boundary
Fitted Coordinate Systems," Numerical Grid Generation, edited by
JoeF. Thompson, North-Holland, 1982.

116Mehta> U. and Lomax, G., "Reynolds Averaged Navier-Stokes
Computations of Transonic Flows—the State-of-the-Art," Transonic
Aerodynamics, Progress in Astronautics an Aeronautics, edited by
David Nixon, Vol. 81, AIAA, N. Y., 1982, Chap. VI.

117Miller, K.,"Moving Finite Elements, II" SIAM Journal on
Numerical Analysis, Vol. 18, 1981, pp. 1033-1057.

118Miller, K. and Miller, R. N., "Moving Finite Elements, I,"
SI AM Journal on Numerical Analysis, Vol. 18, 1981, pp. 1019-1032.

119Moretti, G. "A Numerical Analysis of Muzzle Blast Precursor
Flow," Computers and Fluids, Vol. 10, 1982, pp. 51-86.

120Moretti, G., "A Fast Euler Solver for Steady Flows," AIAA
Paper 83-1940, Danvers, Mass. 1983.

Morice, P., "Numerical Generation of Boundary-Fitted
Coordinate Systems with Optimal Control of Orthogonality," Ad-
vances in Grid Generation, ASME Fluids Engineering Conference,
Houston, June 1983.

122Nakamura, S., "Marching Grid Generation Using Parabolic
Partial Differential Equations," Numerical Grid Generation, edited
by Joe F. Thompson, North-Holland, 1982.

123Nakamura, S., "Adaptive Grid Relocation Algorithm for
Transonic Full Potential Calculators Using One-Dimensional or Two-



1522 J.F.THOMPSON AIAA JOURNAL

Dimensional Diffusion Equations," Advances in Grid Generation,
ASME Fluids Engineering Conference, Houston, June 1983.

124Nakayama, A., Chow, W. L., and Sharma, D., "Calculation of
Fully Developed Turbulent Flows in Ducts of Arbitrary Cross-
Section," Journal of Fluid Mechanics, Vol. 128, 1983, p. 199.

125Nicolet, W. E., Shanks G., Srinivasan, G., "Flowfield
Predictions About Lifting Entry Vehicles," AIAA Paper 82-0026,
Orlando, Fla., 1982.

126Niderdrenk, P., Sobiecyky, H., and Dulikravich, D. S.,
"Supercritical Cascade Flow Analysis with Shock-Boundary Layer In
Interaction," AIAA Paper 83-1752, Danvers, Mass., 1983.

127Nietubicz, C. S., Heavey, K. R., and Steger, J. L., "Grid
Generation Techniques for Projectile Configurations," Proceedings
of 1982 Army Numerical Analysis and Computer Conference,
Vicksburg, Miss., ARO Rept. 82-3, 1983.

128Nietubicz, C. S., Inger, G. R., and Danberg, J. E., "A
Theoretical and Experimental Investigation of a Transonic Projectile
Flow Field," AIAA Paper 82-0101, Orlando, Fla., 1982.

129O'Brien, V., "Conformal Mappings for Internal Viscous Flow
Problems," Journal of Computational Physics, Vol. 44, 1981, pp.
220-226.

130Ohring, S., "Application of the Multigrid Method to Poisson's
Equations in Boundary-Fitted Coordinates," Journal of Com-
putational Physics, Vol. 50, 1983, p. 307.

131Orszag, S. A., "Spectral Methods for Problems in Complex
Geometries," Journal of Computational Physics, Vol. 37, 1980, pp.
70-92.

132Osher, S. and Chakravarthy, S., "Upwind Schemes and
Boundary Conditions with Applications to Euler Equations in
General Geometries," Journal of Computational Physics, Vol. 50,
1983, p. 447.

133Osswald, G. A., Gm>, K. N., and Ghia, U., "Study of In-
compressible Separated Flow Using an Implicit Time-Dependent
Technique," AIAA Paper 83-1894, Danvers, Mass., 1983.

134Papamichael, N., Warby, M. K., and Hough, D. M., "The
Determination of the Poles of the Mapping Function and Their Use in
Numerical Conformal Mapping," Journal of Computational and
Applied Mathematics.

135Pearson, C. E., "Use of Streamline Coordinates in the
Numerical Solution of Compressible Flow Problems," Journal oj
Computational Physics, Vol. 42, 1981, pp. 257-265.

13<>Projahn, jj.? Reiger, H., and Beer, H., "Heat Conduction in
Anisotropic Composites of Arbitrary Shape (A Numerical Analysis),"
Warme-und Stoffubertragung, Vol. 15, 1981, pp. 223-232.

137Projahn, U., Regier, H., and Beer, H., "Numerical Analysis of
Laminar Natural Convection Between Concentric and Eccentric
Cylinders," Numerical Heat Transfer, Vol. 4, 1981, pp. 131-146.

138Pulliam, T. H., Jespersen, D. C., and Childs, R. E., "An
Enhanced Version of an Implicit Code for the Euler Equations,"
AIAA Paper 83-0344, Reno, Nev., 1983.

139Purohit, S. C., and Shang, J. S., "Numerical Simulation of
Flow Around a Three-Dimensional Turret," AIAA Paper 82-1020,
St. Louis, Mo., June 1982.

140Rai, M. M. and Anderson, D. A., "Grid Evolution in Time
Asymptotic Problems," Journal of Computational Physics, Vol. 43,
1981, pp. 327-344.

141 Rai, M. M. and Anderson, D. A., "Application of Adaptive
Grids to Fluid-Flow Problems with Asymptotic Solutions," AIAA
Journal, Vol. 20, 1982, pp. 496-502.

142Rai, M. M., Chaussee, D. S., and Rizk, Y. M., "Calculation of
Viscous Supersonic Flows Over Finned Bodies," AIAA Paper 83-
1667, Danvers, Mass., 1983.

143Reiger, H. and Projahn, U., "Laminar, Natural Convection
Heat Transfer in a Horizontal Gap, Bounded by an Elliptic and a
Circular Cylinder," Proceedings of the Second International Con-
ference on Numerical Methods in Thermal Problems, Venice, Italy,
1981.

144Reiger, H., Projahn, U., Bareiss, M., and Beer, H., "Numerical
and Experimental Study of Heat Transfer During Melting Inside a
Horizontal Tube," Proceedings of the 7th International Heat and
Mass Transfer Conference, Munich, 1982.

145Reiger, H., Projahn, U., and Beer, H., "Analysis of the Heat
Transport Mechanisms during Melting Around a Horizontal Circular
Cylinder," International Journal of Heat and Mass Transfer, Vol. 25,
1982. pp. 137-147.

146Reklis, R., P., Conti, R. K., and Thomas, P. D., "Numerical
Simulation of Hypersonic Viscous Flow Over Cones at Very High
Incidence," AIAA Paper 83-1669, Danvers, Mass., 1983.

147Rhie, C. M. and Chow, W. L., "A Numerical Study of the
Turbulent Flow Past an Isolated Airfoil with Trailing Edge
Separation," AIAA Paper 82-0998, St. Louis, Mo., June 1982.

148Rizk, Y. M., Chaussee, D. S., and McRae, D. S., "Numerical
Simulation of Viscous-Inviscid Interactions on Indented Nose Tips,"
AIAA Paper 82-0290, Orlando, Fla., Jan. 1982.

149Rizk, Y. M., Serag-Eldin, M. A., and Mobarak, A., "Semi-
Elliptic Computation of an Axi-Symmetric Transonic Nozzle Flow,"
Applied Mathematical Modelling, Vol. 7, 1983, p. 123.

150Roache, P., "Semidirect/Marching Solutions and Elliptic Grid
Generation," Numerical Grid Generation, edited by Joe F. Thomp-
son, North-Holland, 1982.

151 Roberts, A., "Automatic Topology Generation and Generalized
B-Spline Mapping," Numerical Grid Generation, edited by Joe F.
Thompson, North-Holland, 1982.

152 Roberts, G. O., "Computational Meshes for Boundary Layer
Problems," Proceedings of the Second International Conference on
Numerical Methods in Fluid Dynamics, Springer-Verlag. 1971, pp.
171-177.

153Rubbert, P.E., and Lee, K. D., "Patched Coordinate Systems,"
Numerical Grid Generation, edited by Joe F. Thompson, North-
Holland, 1982.

154Ryskin G. and Leal, L. G., "Orthogonal Mapping," Journal of
Computational Physics, Vol. 50, 1983, p. 71.

155Sahu, J., Nietubicz, C. J., and Steger, J. L., "Navier-Stokes
Computation of Projectile Base Flow with and without Base In-
jection," AIAA Paper 83-0224, Reno, Nev., 1983.

156Saltzman, J. and Brackbill, J., "Applications and
Generalization of Variational Methods for Generating Adaptive
Meshes," Numerical Grid Generation, edited by Joe F. Thompson,
North-Holland, 1982.

157Sankar, N. L., "A Multigrid Strongly Implicit Procedure for
Two-Dimensional Transonic Potential Flow Problems," AIAA Paper
82-0931, St. Louis, Mo., June 1982.

158Shang, J. S., "Oscillatory Compressible Flow Around a
Cylinder," AIAA Paper 82-0098, Orlando, Fla., June 1982.

159Shang, J. S. and MacCormack, R. W., "Flow Over a Biconic
Configuration with an Afterbody Compression Flap—A Comparative
Numerical Study," AIAA Paper 83-1668, Danvers, Mass., 1983.

160Shankar, V. and Osher, S., "An Efficient, Full-Potential Im-
plicit Method Based on Characteristics for Supersonic Flows," AIAA
Journal, Vol. 21, 1983, p. 1262.

161Shankar, V., Rudy, S., and Szema, K., "Application of a Two-
Dimensional Grid Solver for Three-Dimensional Problems," Ad-
vances in Grid Generation, ASME Fluids Engineering Conference,
Houston, June 1983.

162Shankar, V., Szema, K. Y., and Osher, S,, "A Conservative
Type-Dependent Full Potential Method for the Treatment of
Supersonic Flows with Embedded Subsonic Regions," AIAA Paper
83-1887, Danvers, Mass., 1983.

l63Sharble, R. C. and Raj, P., "An Algebraic Grid Generation
Method Coupled with an Euler Solver for Simulating Three-
Dimensional Flows," AIAA Paper 83-1807, Danvers, Mass., 1983.

164Shieh, C. F., "Three-Dimensional Grid Generation Using
Poisson Equations," Numerical Grid Generation, edited by Joe F.
Thompson, North-Holland, 1982.

165Shmilovich, A. and Caughey, D. A., "Grid Generation for
Wing-Tail-Fuselage Configuration," Advances in Grid Generation,
ASME Fluids Engineering Conference, Houston, June 1983.

166Shubin, G. R., Stephens, A. B., and Bell, J. B., "Three
Dimensional Grid Generation Using Poisson Equations," Numerical
Grid Generation, edited by Joe F. Thompson, North-Holland, 1982.

167Smith, R. E., Numerical Grid Generation Techniques, NASA
CP 2166, 1980.

168Smith, R. E., "Algebraic Grid Generation," Numerical Grid
Generation, edited by Joe F. Thompson, North-Holland, 1982.

169Smith, R. E., "Three-Dimensional Algebraic Grid Generation,"
AIAA Paper 83-1904, Danvers, Mass., 1983.

170Smith, R. E., Kudlinski, R. A., and Everton, E. L., "A Grid
Spacing Control Technique for Algebraic Grid Generation Methods,"
AIAA Paper 82-0226, Orlando, Fla., Jan. 1982.

171Sobieczky, H., "The Combination of a Geometry Generator
with Transonic Design and Analysis Algorithm," AIAA Paper 83-
1862, Danvers, Mass., 1983.

172Sorenson, R. L., "Grid Generation by Elliptic Partial Dif-
ferential Equations for a Tri-Element Augmentor-Wing Airfoil,"
Numerical Grid Generation, edited by Joe F. Thompson, North-
Holland, 1982.



NOVEMBER 1984 GRID GENERATION TECHNIQUES IN CFD 1523

173Sorenson, R. L. and Steger, J. L., "Grid Generation in Three
Dimensions by Poisson Equations with Control of Cell Size and
Skewness at Boundary Surfaces," Advances in Grid Generation,
ASME Fluids Engineering Conference, Houston, June 1983.

174Steger, J. L. "On Application of Body Conforming Curvilinear
Grids for Finite Difference Solution of External Flow," Numerical
Grid Generation, edited by Joe F. Thompson, North-Holland, 1982.

175Steger, J. L., Dougherty, F. C., and Benek, J. A., "A Chimera
Grid Scheme," Advances in Grid Generation, ASME Fluids
Engineering Conference, Houston, June 1983.

176Streett, C. L., "A Spectral Method for the Solution of Transonic
Potential Flow About an Arbitrary Two-Dimensional Airfoil," AIAA
Paper 83-1949, Advances in Grid Generation, ASME Fluids
Engineering Conference, Houston, June 1983.

I77Swanson, R. C., Rubin, S. G., and Khosla, P. K., "Calculation
of Afterbody Flows with a Composite Velocity Formulation," AIAA
Paper 83-1736, Danvers, Mass., 1983.

178Tatum, K. E., "Finite Element Methods for Transonic Flow
Analysis," AIAA Journal, Vol. 21, 1983, pp. 1071.

179Thames, F. C., "Generation of Three-Dimensional Boundary-
Fitted Curvilinear Coordinate Systems for Wing/Wing-Tip
Geometries using the Elliptic Solver Method," Numerical Grid
Generation, edited by Joe F. Thompson, North-Holland, 1982.

180Thomas, P. D., "Numerical Generation of Composite Three-
Dimensional by Quasilinear Elliptic Systems," Numerical Grid
Generation, edited by Joe F. Thompson, North-Holland, 1982.

181 Thomas P. D., Vinokur, M., Bastianon, R. A., and Conti, R. J.,
"Numerical Solution for Three-Dimensional Inviscid Supersonic
Flow," AIAA Journal, Vol. 10, 1972, pp. 887-894.

182Thompkins W. T. et. al., "Solution Procedure for Accurate
Numerical Simulations of Flow in Turbomarching Cascades," AIAA
Paper 83-0257, Reno, Nev., 1983.

f83Thompson, J. F., "WESCOR—Boundary-Fitted Coordinate
Code for General 2D Regions with Obstacles and Boundary In-
trusions," in ARO Report 82-3, Proceedings of the 1982 Army
Numerical Analysis and Computers Conference, Vicksburg, Miss.,
1983; also, U.S. Army Engineer Waterways Experiment Station,
Vicksburg, Miss., Tech., Rept. E-83-8, 1983.

184Thompson, J. F., General Curvilinear Coordinate Systems,"
Numerical Grid Generation, edited by Joe F. Thompson, North-
Holland, 1982.

185Thompson, J. F., "Elliptic Grid Generation," Numerical Grid
Generation, edited by Joe F. Thompson, North-Holland, 1982.

186Thompson, J. F., Numerical Grid Generation, edited by Joe F.
Thompson, North-Holland, 1982.

187 Thompson, J. F., "Dynamically-Adaptive Grids in the
Numerical Solution of Partial Differential Equations," IFIP Con-
ference on PDE Software, Soderkoping, Sweden, Aug., 1983.

188Thompson, J. F., and Mastin, C. W., "Order of Difference
Expressions on Curvilinear Coordinate Systems," Advances in Grid
Generation, ASME Fluids Engineering Conference, Houston, June
1983.

189Thompson, J. F. and Warsi, Z. U. A., "Three-Dimensional
Grid Generation from Elliptic Systems," AIAA Paper 83-1905,
Danvers, Mass., 1983.

190Thompson, J. F., Warsi, Z. U. A., and Mastin, C. W.,
"Boundary-Fitted Coordinate Systems for Numerical Solution of
Partial Differential Equations—A Review," Journal of Com-
putational Physics, Vol. 47, 1982, pp. 1-108.

191Trottier, J. J., Unny, T. Z., Al-Nassri, S. A., and Chan-
drasekhar, M., "Two Dimension-Curvilinear Grid for Open Channel
Flow Simulation," Applied Mathematical Modelling, Vol. 7, 1983, p.

192Turkel, Z., "Progress in Computational Physics," Computers
and Fluids, Vol. 11, 1983, p. 121.

193Usab, W.J. and Murman, E.M., "Embedded Mesh Solutions of
the Euler Equation Using a Multiple-Grid Method," AIAA Paper 83-
1946, Danvers, Mass., 1983.

194Ushimaru, K., "Development and Application of Adaptive
Grids in Two-Dimensional Transonic Calculations," AIAA Paper 82-
1016, St. Louis, Mo., June 1982.

195Van Doormaal, J. P., Raithby, G. D., and Strong, A. B.,
"Prediction of Natural Convection in Non-Rectangular Enclosures
Using Orthogonal Curvilinear Coordinates," Numerical Heat
Transfer, Vol. 4, 1981, pp. 21-38.

196Vchikawa, S., "Generation of Boundary-Fitted Curvilinear
Coordinate Systems for a Two-Dimensional Axisymmetric Flow
Problem," Journal of Computational Physics, Vol. 50, 1983, p. 316.

197Venkatapathy, E., Rakich, J. V., and Tannehill, J. C.,
"Numerical Solution of Space Shuttle Orbiter Flow Field," AIAA
Paper 82-0028, Orlando, Fla., 1982.

198Vinokur, M., "On One-Dimensional Stretching Functions for
Finite-Difference Calculations," Journal of Computational Physics
Vol.50, 1983, p. 215.

199Vinokur, M. and Lombard, C. K., "Algebraic Grid Generation
with Corner Singularities," Advances in Grid Generation, ASME
Fluids Engineering Conference, Houston, June 1983.

200Warsi, Z.U.A., "Basic Differential Models for Coordinate
Generation," Numerical Grid Generation, edited by Joe F. Thomp-
son, North-Holland, 1982.

201 Warsi, Z.U.A. and Thompson, J. F., "A Noniterative Method
for the Generation of Orthogonal Coordinates in Doubly-
Connected Regions," Mathematics of Computation, Vol. 38, 1982,
pp. 501-516.

202Warsi, Z.U.A. and Ziebarth, J. P., "Numerical Generation of
Three-Dimensional Coordinates Between Bodies of Arbitrary
Shapes," Numerical Grid Generation, edited by Joe F. Thompson,
North-Holland, 1982.

203Weilmuenster, K. J., "High Angle of Attack Inviscid Flow
Calculations Over a Shuttle-Like Vehicle with Comparisons to Flight
Data," AIAA Paper 83-1798, Danvers, Mass., 1983.

204 White, A. B. Jr., "On the Numerical Solution of
Initial/Boundary-Value Problems in One Space Dimension," SI AM
Journal on Numerical Analysis, Vol. 18, 1981, p. 1019-1032.

205White, J. W., "General Mapping Procedure for Variable Area
Duct Acoustics," AIAA Journal, Vol. 20, 1982, pp. 880-884.

206Whitney, A. K. and Thomas, P. D., "Construction of Grids on
Curved Surfaces Described by Generalized Coordinates Through the
Use of an Elliptic System," Advances in Grid Generation, ASME
Fluids Engineering Conference, Houston, June 1983.

207Yagla, J. J., "Test Problems, Coordinate Transformations, and
Technique for Nonsteady Compressible Flow Analysis," Numerical
Grid Generation, edited by Joe F. Thompson, North-Holland, 1982.

208Yeung, R. W., "Numerical Methods in Free Surface Flows,"
Annual Review on Fluid Mechanics, 1982, pp. 395-442.

209Saltzman, J., "A Variational Method for Generating Multi-
Dimensional Adaptive Grids," Courant Mathematics and Computing
Lab., New York Univ., N.Y., Rept. DOE/ER/03077-174.


